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Distributed (consensus) optimization

Network of 𝑁 nodes (agents, workers, clients) collaborate to solve:

minimize
𝑥∈R𝑚

{
𝑓 (𝑥) ≜ 1

𝑁

𝑁∑︁
𝑖=1

𝑓𝑖 (𝑥)
}

(1)

• 𝑓𝑖 : R
𝑚 → R is a private local function known by node 𝑖, which may

be stochastic 𝑓𝑖 (𝑥) = E[𝐹𝑖 (𝑥; b𝑖)], where {b𝑖} denotes data
available at node 𝑖

• The goal of each node 𝑖 is to find a minimizer (solution) of problem
(1), denoted by 𝑥★, through local interactions with other nodes
without sharing private information (e.g., data b𝑖)
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Applications examples
Large scale machine learning: (classification or regression problem)

minimize
𝑥∈R𝑚

𝑚∑︁
𝑗=1

𝑙 𝑗 (𝑥; b 𝑗)

• For large 𝑚, storing the data on a single machine may not be
feasible

• The problem can be solved by distributing the data across multiple
workers, 𝑓𝑖 (𝑥) =

∑
𝑗∈J𝑖

𝑙 𝑗 (𝑥; b 𝑗) where J𝑖 is the set of training data
indices at worker 𝑖

Distributed ML estimation:

minimize
𝑥∈R𝑚

−
𝑁∑︁
𝑖=1

log 𝑝 (Z𝑖 | 𝑥)

• 𝑁 sensors, sensor 𝑖 has a measurement Z𝑖 (e.g., detecting events
such as avalanches)

• Z𝑖 is modeled as a random variable with density 𝑝 (Z𝑖 | 𝑥)
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Network model: Centralized
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Network model: Decentralized
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Examples
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Network modeling

• 𝑤𝑖 𝑗 : weight used by node 𝑖 to scale node 𝑗 information

• N𝑖 : neighborhood of node 𝑖
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Weight matrix

𝑊 ≜


𝑤11 𝑤12 · · · 𝑤1𝑁

𝑤21 𝑤22 · · · 𝑤2𝑁
...

... . . .
...

𝑤𝑁1 𝑤𝑁2 · · · 𝑤𝑁𝑁


• We assume that the network is undirected and connected

• We can construct a primitive doubly stochastic matrix𝑊

• 𝑊 has a single eigenvalue at one, denoted by _1 = 1, and all other
eigenvalues {_𝑖}𝑁𝑖=2 are strictly less than one in magnitude

• The mixing rate of the network is:

_ ≜ ∥𝑊 − 1
𝑁
11T∥ = max

𝑖∈{2,...,𝑁 }
|_𝑖 | < 1
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Consensus algorithm

Basic consensus problem

• Let 𝑎𝑖 be a point known only to node 𝑖

• Find the average 𝑎 = 1
𝑁

∑𝑁
𝑖=1 𝑎𝑖 using only decentralized

communication

Consensus algorithm: Initialize 𝑥0
𝑖
= 𝑎𝑖 and update for each 𝑖:

𝑥𝑘+1𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗𝑥
𝑘
𝑗 , 𝑘 = 0, 1, . . .

When𝑊 = [𝑤𝑖 𝑗] is doubly stochastic and primitive, then the above
converges to the average: 𝑥𝑘

𝑖
→ 𝑎 for all 𝑖 = 1, . . . , 𝑁
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Consensus algorithm: Network notation

Network notation:

• 𝑊 ≜ [𝑤𝑖 𝑗], W ≜ 𝑊 ⊗ 𝐼𝑚
• x𝑘 ≜ col{𝑥𝑘1 , 𝑥𝑘2 , . . . , 𝑥𝑘𝑁 }
• The above allows Wx𝑘 = {

∑
N𝑖
𝑤𝑖 𝑗𝑥

𝑘
𝑗
}𝑁
𝑖=1

Consensus algorithm: Initialize x0 = col{𝑎𝑖}𝑁𝑖=1 and update

x𝑘+1 = Wx𝑘 = W𝑘+1x0, 𝑘 = 0, 1, 2, . . .

When𝑊 is doubly stochastic and primitive, then W𝑘 → 1
𝑁
11T ⊗ 𝐼𝑚,

hence

x𝑘+1 → 1

𝑁
11Tx0 = col


1

𝑁

𝑁∑︁
𝑗=1

𝑎 𝑗 , . . . ,
1

𝑁

𝑁∑︁
𝑗=1

𝑎 𝑗
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Decentralized gradient descent

Problem: minimize
𝑥∈R𝑚

1
𝑁

∑𝑁
𝑖=1 𝑓𝑖 (𝑥) over a network

Decentralized/distributed gradient descent (DGD)

• Consensus form

𝑥𝑘+1𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗𝑥
𝑘
𝑗 − 𝛼∇ 𝑓𝑖 (𝑥𝑘𝑖 ) (2)

• Diffusion form (adapt-then-combine)

𝑥𝑘+1𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗

(
𝑥𝑘𝑗 − 𝛼∇ 𝑓 𝑗 (𝑥𝑘𝑗 )

)
(3)
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DGD in Network form

Network notation:

• 𝑊 ≜ [𝑤𝑖 𝑗], W ≜ 𝑊 ⊗ 𝐼𝑚
• x𝑘 ≜ col{𝑥𝑘1 , 𝑥𝑘2 , . . . , 𝑥𝑘𝑁 }
• f (x) ≜

∑𝑁
𝑖=1 𝑓𝑖 (𝑥𝑖)

DGD: Network notation

• Consensus form

x𝑘+1 = Wx𝑘 − 𝛼∇f (x𝑘) (4)

• Diffusion form (adapt-then-combine)

x𝑘+1 = W
(
x𝑘 − 𝛼∇f (x𝑘)

)
(5)
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DSGD convergence

• Stochastic formulation: minimize 1
𝑁

∑𝑁
𝑖=1E[𝐹𝑖 (𝑥; b𝑖)]

• DSGD (diffusion): 𝑥𝑘+1
𝑖

=
∑

𝑗∈N𝑖
𝑤𝑖 𝑗

(
𝑥𝑘
𝑗
− 𝛼∇𝐹𝑗 (𝑥𝑘𝑗 ; b𝑘𝑗 )

)
Assumptions:

1. 𝑊 is primitive and doubly stochastic

2. Each function 𝑓𝑖 is 𝐿-smooth: ∥∇ 𝑓𝑖 (𝑥) − ∇ 𝑓𝑖 (𝑦)∥ ≤ 𝐿∥𝑥 − 𝑦∥
3. The aggregate function 𝑓 (𝑥) = 1

𝑁

∑𝑁
𝑖=1 𝑓𝑖 (𝑥) is bounded below:

𝑓 (𝑥) ≥ 𝑓★ > −∞ ∀ 𝑥 ∈ R𝑚 where 𝑓★ denote the optimal value

4. For all {𝑖}𝑁
𝑖=1 and 𝑘 = 0, 1, . . .,

Eb𝑖
[
∇𝐹𝑖 (𝑥𝑖; b𝑖) − ∇ 𝑓𝑖 (𝑥𝑖)

]
= 0

Eb𝑖
[
∥∇𝐹𝑖 (𝑥𝑖; b𝑖) − ∇ 𝑓𝑖 (𝑥𝑖)∥2

]
≤ 𝜎2,

for some 𝜎2 ≥ 0, and the random data {b𝑡
𝑖
} are independent of

each other for all {𝑖}𝑁
𝑖=1 and {𝑡}𝑡≤𝑘
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Convergence: Strongly convex case

Convergence: If each 𝑓𝑖 is `-strongly-convex, then for sufficiently small
fixed stepsize 𝛼 ≤ O( 1−_

𝐿
), it holds that:

1

𝑁

𝑁∑︁
𝑖=1

E∥𝑥𝑘𝑖 − 𝑥★∥2 ≤ (1 − `𝛼)𝑘𝐶0 +O
(
𝛼𝜎2

𝑁
+ 𝛼

2_2𝜎2

1 − _ + 𝛼2_2𝑏2

(1 − _)2

)
• 𝐶0 is constant depending on initialization

• 𝑏2 ≜ (1/𝑁)
∑𝑁
𝑖=1 ∥∇ 𝑓𝑖 (𝑥★)∥2

Bias: For noiseless case 𝜎 = 0

1

𝑁

𝑁∑︁
𝑖=1

∥𝑥𝑘𝑖 − 𝑥★∥2 → O
(
𝛼2_2𝑏2

(1 − _)2

)
It does not have exact convergence for fixed stepsize
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Convergence rate: There exists a stepsize 𝛼 ≤ O(1/𝐾) such that

1

𝑁

𝑁∑︁
𝑖=1

E∥𝑥𝐾𝑖 − 𝑥★∥2 ≤ Õ
(
𝜎2

𝑁𝐾
+ _2𝜎2

(1 − _)2𝐾2
+ _2𝑏2

(1 − _)2𝐾2

+ 𝐶0

(1 − _) exp [−𝐾 (1 − _)]
)

• For large 𝐾 , the term O( 𝜎2

𝑁𝐾
) dominates

• DSGD asymptotically achieve the minibatch SGD rate with batch
size 𝑁

• the number of iterations needed to achieve this rate (linear speedup)
is called the transient time:

𝐾 ≥ O
(

𝑁

(1 − _)2

)
Introduction and Review 16



Convergence: Non-convex case
Convergence: Let each function 𝑓𝑖 be 𝐿-smooth, then for sufficiently
small fixed stepsize 𝛼 ≤ O( 1−_

𝐿
), the average 𝑥𝑘 = (1/𝑁)

∑𝑁
𝑖=1 𝑥

𝑘
𝑖

satisfies

1

𝐾

𝐾−1∑︁
𝑘=0

E ∥∇ 𝑓 (𝑥𝑘)∥2 ≤ 𝑓 (0) − 𝑓★

𝛼𝐾
+ 𝛼𝜎

2

𝑁
+ 𝛼

2_2𝑁𝜎2

(1 − _) + 𝛼
2_2𝑁𝜍2

(1 − _)2

• Bias: For noiseless case 𝜎 = 0

1

𝑁

𝑁∑︁
𝑖=1

∥𝑥𝑘𝑖 − 𝑥★∥2 → O
(
𝛼2_2𝑁𝜍2

(1 − _)2

)
It does not have exact convergence for fixed stepsize

• 𝜍2 measures the functions heterogeneity across the network

1

𝑁

𝑁∑︁
𝑖=1

∥∇ 𝑓𝑖 (𝑥) − ∇ 𝑓 (𝑥)∥22 ≤ 𝜍2, ∀ 𝑥 ∈ R𝑚
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Convergence rate: There exists a stepsize 𝛼 ≤ O(1/
√
𝐾) such that

1

𝐾

𝐾−1∑︁
𝑘=0

E ∥∇ 𝑓 (𝑥𝑘)∥2 ≤ 𝑂
(
𝜎

√
𝑁𝐾

+ _2/3𝜎2/3

(1 − _)1/3𝐾2/3

+ _2/3𝜍2/3

(1 − _)2/3𝐾2/3 + 1

(1 − _)𝐾

)
• For large 𝐾 , the term O( 𝜎√

𝑁𝐾
) dominates

• DSGD asymptotically achieve the minibatch SGD rate with batch
size 𝑁

• transient time:

𝐾 ≥ O
(

𝑁3

(1 − _)4

)
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DSGD Interpretation

Penalized formulation:

min
x

f (x) + 1
2𝛼 ∥x∥

2
I−W

• The term 1
2𝛼 ∥x∥

2
I−W forces {𝑥𝑖} to be close to each other

• Applying gradient descent with stepsize 𝛼:

x𝑘+1 = Wx𝑘 − 𝛼∇f (x𝑘)

The above is exactly DGD in consensus form (2)

• This means that DGD solves an inexact penalized problem
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EXTRA
Node-wise update:

𝑥𝑘+2𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗 (2𝑥𝑘+1𝑗 − 𝑥𝑘𝑗 ) − 𝛼(∇ 𝑓 (𝑥𝑘+1𝑖 ) − ∇ 𝑓 (𝑥𝑘𝑖 ))

with 𝑥1
𝑖
=
∑

𝑗∈N𝑖
𝑤𝑖 𝑗𝑥

0
𝑗
− 𝛼∇ 𝑓𝑖 (𝑥0𝑖 )

Network form:

x𝑘+2 = W
(
2x𝑘+1 − x𝑘

)
− 𝛼

(
∇f (x𝑘+1) − ∇f (x𝑘)

)
• for noiseless and constant stepsize it converges exactly with rate
O(1/𝐾)

• Can be interpreted as a primal-descent dual-ascent applied to the
augmented Lagrangian of problem:

minimize
x

f (x) + 𝜌

2 ∥x∥
2
I−W

subject to (I −W)1/2x = 0
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Exact-Diffusion (a.k.a. D2 and NIDS)

Node-wise update:

𝑥𝑘+2𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗

(
2𝑥𝑘+1𝑗 − 𝑥𝑘𝑗 − 𝛼

(
∇ 𝑓 𝑗 (𝑥𝑘+1𝑗 ) − ∇ 𝑓 𝑗 (𝑥𝑘𝑗 )

) )
,

with 𝑥1
𝑖
=
∑

𝑗∈N𝑖
𝑤𝑖 𝑗

(
𝑥0
𝑗
− 𝛼∇ 𝑓 𝑗 (𝑥0𝑗 )

)
Network form:

x𝑘+2 = W
(
2x𝑘+1 − x𝑘 − 𝛼

(
∇f (x𝑘+1) − ∇f (x𝑘)

) )
• Compared to EXTRA, it has the adapt-then-combine form

• Shown to be more stable than EXTRA
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Gradient-Tracking

The adapt-then-combine gradient-tracking method (ATC-GT) is

𝑥𝑘+1𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗 (𝑥𝑘𝑗 − 𝛼𝑔𝑘𝑗 )

𝑔𝑘+1𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗
(
𝑔𝑘𝑗 + ∇ 𝑓 𝑗 (𝑥𝑘+1𝑗 ) − ∇ 𝑓 𝑗 (𝑥𝑘𝑗 )

)
• 𝑔𝑘

𝑖
update employs a dynamic consensus mechanism to tracks the

average of the local gradients

• Requires communicating two vectors per communication round

• Works under a variety of settings: directed, time-varying networks
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ATC-GT:

x𝑘+1 = W(x𝑘 − 𝛼g𝑘)
g𝑘+1 = W

(
g𝑘 + ∇f (x𝑘+1) − ∇f (x𝑘)

)
Subtracting Wx𝑘 from both sides of the first equation, we have for 𝑘 ≥ 0

x𝑘+2 −Wx𝑘+1 = Wx𝑘+1 −W2x𝑘 − 𝛼(Wg𝑘+1 −W2g𝑘)
= Wx𝑘+1 −W2x𝑘 − 𝛼W(g𝑘+1 −Wg𝑘)

Using the second equation and rearranging, we get

x𝑘+2 = 2Wx𝑘+1 −W2x𝑘 − 𝛼W2 (∇f (x𝑘+1) − ∇f (x𝑘)
)
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Prior transient times

METHOD WORK TRANSIENT TIME

DSGD [prior] O
(

𝑁3

(1−_)4
)

ED/D2 [prior] O
(

𝑁3

(1−_)6
)

ATC-GT [prior] O
(

𝑁3

(1−_)6
)
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Contributions

• Proposing a unified decentralized algorithm (UDA) that incorporates
a variety of existing methods such as EXTRA, Exact-Diffusion, GT

• Extending the framework to handle a common non-smooth term and
establishing its linear convergence

• New analysis technique for proving convergence of the methods
(EXTRA, Exact-Diffusion, and GT) for the stochastic online
nonconvex settings with improved rates than previous works

• Proposing and establishing the convergence of local exact-diffusion,
a localized form of exact-diffusion in which nodes perform multiple
local updates between each communication
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Exact methods

Exact formulation:

minimize
x

f (x) + 1
2𝛼 ∥x∥

2
I−C

subject to Bx = 0
(6)

• B and C satisfy Ax = 0 and (I−C)x = 0 if and only if 𝑥1 = · · · = 𝑥𝑁
• Problem (6) can be solved using primal-dual and operator splitting

based methods

• The obtained method depends on our choice of B and C

• The augmented Lagrangian is:

𝐿 (x, y) = f (x) + 1
2𝛼 ∥x∥

2
I−C + yTBx

where y is the dual variable

Unified Decentralized Algorithm (UDA) 26



Unified Decentralized Algorithm (UDA)

UDA:

z𝑘+1 = Cx𝑘 − 𝛼∇f (x𝑘) − By𝑘 (7a)

y𝑘+1 = y𝑘 + Bz𝑘+1 (7b)

x𝑘+1 = Az𝑘+1 (7c)

with y0 = 0

• A and C are doubly stochastic matrices

• Bx = 0 ⇐⇒ 𝑥1 = 𝑥2 = · · · = 𝑥𝑁

• We can recover various state-of-the-art methods by specific choices
of A,B,C

Unified Decentralized Algorithm (UDA) 27



Special cases

We can rewrite UDA in terms of x𝑘 only by noting that

z𝑘+2 − z𝑘+1 = C(x𝑘+1 − x𝑘) − 𝛼
(
∇f (x𝑘+1) − ∇f (x𝑘)

)
− B(y𝑘+1 − y𝑘)

= C(x𝑘+1 − x𝑘) − 𝛼
(
∇f (x𝑘+1) − ∇f (x𝑘)

)
− B2z𝑘+1

Rearranging, we have

z𝑘+2 = (I − B2)z𝑘+1 + C(x𝑘+1 − x𝑘) − 𝛼
(
∇f (x𝑘+1) − ∇f (x𝑘)

)
We now multiply both sides by A and using AB2 = B2A gives

x𝑘+2 = (I − B2 +AC)x𝑘+1 −ACx𝑘 − 𝛼A
(
∇f (x𝑘+1) − ∇f (x𝑘)

)
,

for 𝑘 = 0, 1, . . . with initialization x1 = A(Cx0 − 𝛼∇f (x0))

Unified Decentralized Algorithm (UDA) 28



For EXTRA and Exact-Diffusion (ED), we assume W to be symmetric
and positive-semidefinite

EXTRA: When A = I, B = (I −W)1/2, C = W, we get EXTRA:

x𝑘+2 = W
(
2x𝑘+1 − x𝑘

)
− 𝛼

(
∇f (x𝑘+1) − ∇f (x𝑘)

)
Exact-Diffusion: When A = W, B = (I −W)1/2, C = I, we get ED/D2:

x𝑘+2 = W
(
2x𝑘+1 − x𝑘 − 𝛼

(
∇f (x𝑘+1) − ∇f (x𝑘)

) )
ATC-GT: When A = W2, B = (I −W), and C = I, we get:

x𝑘+2 = 2Wx𝑘+1 −W2x𝑘 − 𝛼W2 (∇f (x𝑘+1) − ∇f (x𝑘)
)

This is equivalent to ATC-GT

Unified Decentralized Algorithm (UDA) 29



ATC and Non-ATC forms

ATC-UDA: C = I and A is a primitive doubly stochastic matrix:

z𝑘+1 = Cx𝑘 − 𝛼∇f (x𝑘) − By𝑘 (8a)

y𝑘+1 = y𝑘 + Bz𝑘+1 (8b)

x𝑘+1 = Az𝑘+1 (8c)

(Exact-Diffusion, ATC-GT)

Non-ATC-UDA: A = I and C is a primitive doubly stochastic matrix:

x𝑘+1 = Cx𝑘 − 𝛼∇f (x𝑘) − By𝑘 (9a)

y𝑘+1 = y𝑘 + Bx𝑘+1 (9b)

(EXTRA, DIGing, linearized ADMM)

Unified Decentralized Algorithm (UDA) 30



Proximal Unified Decentralized Algorithm

minimize
𝑥

1

𝑁

𝑁∑︁
𝑖=1

𝑓𝑖 (𝑥) + 𝑔(𝑥)

z𝑘+1 = Cx𝑘 − 𝛼∇f (x𝑘) − By𝑘

y𝑘+1 = y𝑘 + Bz𝑘+1

x𝑘+1 = prox 𝛼
𝑁
𝑔 (Az𝑘+1)

• Typical proximal methods:

x𝑘+1 = prox𝛼𝑔𝑖

(
Cx𝑘 − 𝛼∇f (x𝑘) − By𝑘

)
y𝑘+1 = y𝑘 + Bx𝑘+1

• For different local nonsmooth terms, linear convergence is not
possible in the general case
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PUDA convergence

Assumptions

• 𝑓𝑖 is 𝐿-smooth and `-strongly convex

• 𝑔 is proper and lower-semicontinuous convex function

• We assume:
– A2 ≤ I − B2 and 0 ≤ I − C < 2I, for ATC-UDA

– and 0 ≤ B2 ≤ I − C < I, for Non-ATC-UDA

The above holds for all previous methods when W is symmetric and
positive-semidefinite
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ATC-UDA: If the step-size satisfies 𝛼 < 1+_min (C)
𝐿

, then

∥x𝑘 − 1 ⊗ 𝑥★∥2 ≤ 𝛾𝑘𝐶0

where 𝛾 = max
{
1 − 𝛼` (1 + _min(C) − 𝛼𝐿) , 1 − 𝜎

(
B2

)}
< 1 and

𝐶0 ≥ 0

Non-ATC-UDA: If the step-size satisfies 𝛼 < 2_min (C)
𝐿

, then

∥x𝑘 − 1 ⊗ 𝑥★∥2Q ≤ 𝛾𝑘𝐶0

where
Q = I − B2 > 0, 𝛾 ≜ max

{
1 − 𝛼`

(
2 − 𝛼𝐿

_min (C)

)
, 1 − 𝜎

(
B2

)}
< 1 and

𝐶0 ≥ 0
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Stochastic Unified Decentralized Algorithm

Stochastic UDA (SUDA)

z𝑘+1 = Cx𝑘 − 𝛼∇F(x𝑘 , 𝝃𝑘) − By𝑘

y𝑘+1 = y𝑘 + Bz𝑘+1

x𝑘+1 = Az𝑘+1

where ∇F(x, 𝝃𝑘) ≜ col{∇𝐹1(𝑥1, b𝑘1 ), . . . ,∇𝐹𝑁 (𝑥𝑁 , b𝑘𝑁 )}

Assuming AB = BA, then through change of variable y𝑘 = Ay𝑘 , we can
describe SUDA as follows:

x𝑘+1 = A
(
Cx𝑘 − 𝛼∇F(x𝑘 , 𝝃𝑘)

)
− By𝑘 (10a)

y𝑘+1 = y𝑘 + Bx𝑘+1 (10b)
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Assumptions

1. 𝑊 is primitive, doubly stochastic, and symmetric

2. The matrices A,B2,C are chosen as a polynomial function of W :

A =

𝑝∑︁
𝑙=0

𝑎𝑙W
𝑙, B2 =

𝑝∑︁
𝑙=0

𝑏𝑙W
𝑙, C =

𝑝∑︁
𝑙=0

𝑐𝑙W
𝑙

3. Each function 𝑓𝑖 is 𝐿-smooth: ∥∇ 𝑓𝑖 (𝑥) − ∇ 𝑓𝑖 (𝑦)∥ ≤ 𝐿∥𝑥 − 𝑦∥
4. The aggregate function 𝑓 (𝑥) = 1

𝑁

∑𝑁
𝑖=1 𝑓𝑖 (𝑥) is bounded below, i.e.,

𝑓 (𝑥) ≥ 𝑓★ > −∞ ∀ 𝑥 ∈ R𝑚 where 𝑓★ denote the optimal value of 𝑓

5. For all {𝑖}𝑁
𝑖=1 and 𝑘 = 0, 1, . . .,

Eb𝑖
[
∇𝐹𝑖 (𝑥𝑖; b𝑖) − ∇ 𝑓𝑖 (𝑥𝑖)

]
= 0

Eb𝑖
[
∥∇𝐹𝑖 (𝑥𝑖; b𝑖) − ∇ 𝑓𝑖 (𝑥𝑖)∥2

]
≤ 𝜎2,

for some 𝜎2 ≥ 0, and the random data {b𝑡
𝑖
} are independent of

each other for all {𝑖}𝑁
𝑖=1 and {𝑡}𝑡≤𝑘
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Fundamental transformations
Transformations I: Let

𝑥𝑘 ≜
1

𝑁

(
1T𝑁 ⊗ 𝐼𝑚

)
x𝑘 =

1

𝑁

𝑁∑︁
𝑖=1

𝑥𝑘𝑖

x𝑘 ≜ 1𝑁 ⊗ 𝑥𝑘

s𝑘 ≜ B(y𝑘 − Bx𝑘) + 𝛼A∇f (x𝑘)

then (10) can be rewritten as:

x𝑘+1 = (AC − B2)x𝑘 − s𝑘 − 𝛼A(∇f (x𝑘) − ∇f (x𝑘) + w𝑘) (11a)

s𝑘+1 = s𝑘 + B2x𝑘 + 𝛼A(∇f (x𝑘+1) − ∇f (x𝑘)) (11b)

where w𝑘 is the gradient noise defined as:

w𝑘 ≜ ∇F(x𝑘 , 𝝃𝑘) − ∇f (x𝑘)
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Averages
𝑥𝑘+1 = 𝑥𝑘 − 𝛼∇f (x𝑘) − 𝛼w̄𝑘

�̄�𝑘+1 = �̄�𝑘 + 𝛼

𝑁

𝑁∑︁
𝑖=1

(∇ 𝑓𝑖 (𝑥𝑘+1) − ∇ 𝑓𝑖 (𝑥𝑘))

if �̄�0 = 𝛼
𝑁

𝑁∑
𝑖=1

∇ 𝑓𝑖 (𝑥0) then �̄�𝑘 = 𝛼
𝑁

𝑁∑
𝑖=1

∇ 𝑓𝑖 (𝑥𝑘) for all 𝑘

Convergence proof direction: show that

𝑥𝑘𝑖 → 𝑥𝑘

𝑠𝑘𝑖 → �̄�𝑘

(1/𝑁)
𝑁∑︁
𝑖=1

∇ 𝑓𝑖 (𝑥𝑖) → 0
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Weight matrix decomposition

𝑊 = 𝑈Λ𝑈T =

[
1√
𝑁
1 𝑈

] [
1 0

0 Λ̂

] [
1√
𝑁
1T

𝑈T

]
,

• Λ̂ = diag {_𝑖}𝑁𝑖=2;𝑈 is an orthogonal matrix
(
𝑈𝑈T = 𝑈T𝑈 = 𝐼

)
• 𝑈 is matrix that satisfies𝑈𝑈T = 𝐼𝑁 − 1

𝑁
11T and 1T𝑈 = 0;

It follows that

W = U𝚲UT =

[
1√
𝑁
1 ⊗ 𝐼𝑚 Û

] [
𝐼𝑚 0

0 �̂�

] [
1√
𝑁
1T ⊗ 𝐼𝑚
ÛT

]
where Λ̂ ≜ Λ̂ ⊗ 𝐼𝑚, U is an orthogonal matrix, and Û ≜ 𝑈 ⊗ 𝐼𝑚 satisfies:

ÛTÛ = I, ÛÛT = I − 1
𝑁
11T ⊗ 𝐼𝑚,

(
1T ⊗ 𝐼𝑚

)
Û = 0
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Let A,B2,C be chosen as polynomial function of W:

A = U𝚲𝑎U
T =

[
1√
𝑁
1 ⊗ 𝐼𝑚 Û

] [
𝐼𝑚 0

0 �̂�𝑎

] [
1√
𝑁
1T ⊗ 𝐼𝑚
ÛT

]
C = U𝚲𝑐U

T =

[
1√
𝑁
1 ⊗ 𝐼𝑚 Û

] [
𝐼𝑚 0

0 �̂�𝑐

] [
1√
𝑁
1T ⊗ 𝐼𝑚
ÛT

]
B2 = U𝚲2

𝑏U
T =

[
1√
𝑁
1 ⊗ 𝐼𝑚 Û

] [
0 0

0 �̂�
2

𝑏

] [
1√
𝑁
1T ⊗ 𝐼𝑚
ÛT

]
where

�̂�𝑎 = diag{_𝑎,𝑖}𝑁𝑖=2 ⊗ 𝐼𝑚, �̂�𝑐 = diag{_𝑖,𝑐}𝑁𝑖=2 ⊗ 𝐼𝑚,

and �̂�
2

𝑏 = diag{_2
𝑏,𝑖

}𝑁
𝑖=2 ⊗ 𝐼𝑚
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Transformation II: Multiplying both sides of (11) by UT, we get

UTx𝑘+1 = (Λ𝑎Λ𝑐 − Λ2
𝑏)U

Tx𝑘 −UTs𝑘 − 𝛼Λ𝑎UT
(
∇f (x𝑘) − ∇f (x̄𝑘) + w𝑘

)
UTs𝑘+1 = UTs𝑘 + Λ2

𝑏U
Tx𝑘 + 𝛼Λ𝑎UT

(
∇f (x̄𝑘+1) − ∇f (x̄𝑘)

)
• Since ÛTÛ = I and ÛÛT = I − 1

𝑁
11T ⊗ 𝐼𝑚, it holds that

∥ÛTx∥2 = xTÛÛTÛÛTx = ∥ÛÛTx𝑘 ∥2 (21)
= ∥x𝑘 − x𝑘 ∥2

• ∥ÛTx𝑘 ∥2 measures the deviation of x𝑘 from the average x𝑘

• ∥ÛTs𝑘 ∥2 measures the deviation of s𝑘 with the average(
1
𝑁
11T ⊗ 𝐼𝑁

)
s𝑘 = 1 ⊗ 𝛼

𝑁

∑𝑁
𝑖=1 ∇ 𝑓𝑖

(
𝑥𝑘

)
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Final transformed recursion
There exists an invertible matrix V̂ such that recursion (11) can be
transformed into

𝑥𝑘+1 = 𝑥𝑘 − 𝛼∇f (x𝑘) − 𝛼w𝑘 ,

ê𝑘+1 = 𝚪ê𝑘 − 𝛼V̂−1

[
1
𝑣
�̂�𝑎ÛT(∇f (x𝑘) − ∇f (x𝑘) + w𝑘)

1
𝑣
�̂�

−1
𝑏 �̂�𝑎ÛT(∇f (x𝑘) − ∇f (x𝑘+1))

]
,

where 𝚪 satisfies ∥𝚪∥ < 1, 𝑣 > 0 is an arbitrary constant, and

ê𝑘 ≜
1

𝑣
V̂−1

[
ÛTx𝑘

�̂�
−1
𝑏 ÛTs𝑘

]

• Observe that ∥𝑣V̂ê𝑘 ∥2 = ∥ÛTx𝑘 ∥2 + ∥�̂�−1
𝑏 ÛTs𝑘 ∥2

• Thus, the vector ê𝑘 can be interpreted as a measure of a weighted
deviation of x𝑘 and s𝑘 from x𝑘 and 1 ⊗ 𝛼

𝑁

∑𝑁
𝑖=1 ∇ 𝑓𝑖

(
𝑥𝑘

)
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SUDA convergence

When the step size satisfies 𝛼 is sufficiently small, then, the iterates {x𝑘}
of SUDA with x0 = 1 ⊗ 𝑥0 (𝑥0 ∈ R𝑚) satisfy

1

𝐾

𝐾−1∑︁
𝑘=0

E ∥∇f (x𝑘)∥2 ≤ 8( 𝑓 (𝑥0) − 𝑓★)
𝛼𝐾

+ 4𝛼𝐿𝜎2

𝑁
+
12𝛼2𝐿2𝑣21𝑣

2
2Z

2
0

_𝑏
2(1 − 𝛾)𝐾

+
16𝛼2𝐿2𝑣21𝑣

2
2_

2
𝑎𝜎

2

1 − 𝛾 +
16𝛼4𝐿4𝑣21𝑣

2
2_

2
𝑎𝜎

2

_𝑏
2(1 − 𝛾)2𝑁

,

(12)
where 𝑣1 ≜ ∥V̂∥, 𝑣2 ≜ ∥V̂−1∥ and

𝛾 ≜ ∥Γ∥ < 1, _𝑏 ≜
1

∥Λ−1
𝑏
∥
, _𝑎 ≜ ∥Λ𝑎∥,

Z20 ≜
1
𝑁
∥(A − 1

𝑁
1T1 ⊗ 𝐼𝑚)

(
∇f (x0) − 1 ⊗ ∇ 𝑓 (𝑥0)

)
∥2
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• For noiseless and constant stepsize, SUDA converges exactly at
rate O(1/𝐾)

• for stochastic case, if we set 𝛼 = O(
√︁
𝑁/𝐾), then

1

𝐾

𝐾−1∑︁
𝑘=0

E
∇f (x𝑘)2 ≤ 𝑂

(
𝜎

√
𝑁𝐾

+ 1

𝐾
+ 𝑁𝜎2

𝑁 + 𝜎2𝐾
+

𝑁Z20

𝑁𝐾 + 𝜎2𝐾2

)
Rate is O(1/

√
𝐾𝑁) and SUDA asymptotically achieves linear

speedup

• we can get the rate of ED and GT methods by plugging the
parameter from our choice of A,B,C
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Exact diffusion and gradient tracking rates

METHOD WORK CONVERGENCE RATE

ED/D2
[prior] 𝑂

(
1√
𝑁𝐾

+ 𝑁_2

(1−_)3𝐾 + 𝑁 𝜍20
(1−_)2𝐾2

)
SUDA 𝑂

(
1√
𝑁𝐾

+ 𝑁_2

(1−_)𝐾 + 𝑁_2 𝜍20
(1−_)2𝐾2

)
ATC-GT

[prior] 𝑂

(
1√
𝑁𝐾

+ 𝑁_2

(1−_)3𝐾 + _4
∑𝑁

𝑖=1 ∥∇ 𝑓𝑖 (0) ∥2
(1−_)3𝐾2

)
SUDA 𝑂

(
1√
𝑁𝐾

+ 𝑁_4

(1−_)𝐾 + 𝑁_4

(1−_)4𝐾2 + 𝑁_4 𝜍20
(1−_)3𝐾2

)
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Transient times

METHOD WORK TRANSIENT TIME

DSGD [prior] O
(

𝑁3

(1−_)4
)

ED/D2
[prior] O

(
𝑁3

(1−_)6
)

SUDA O
(

𝑁3

(1−_)2
)

ATC-GT
[prior] O

(
𝑁3

(1−_)6
)

SUDA O
(
max

{
𝑁3

(1−_)2 ,
𝑁

(1−_)8/3

})
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Exact-Diffusion (ED)

Recall that ED can be written as

z𝑘+1 = x𝑘 − 𝛼∇f (x𝑘) − y𝑘 (13a)

y𝑘+1 = y𝑘 + (I −W)z𝑘+1 (13b)

x𝑘+1 = Wz𝑘+1 (13c)

To get a locally update variant we can run the first step multiple times
before communication
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Local exact-diffusion (LED)

Given x0, set y0 = (I −W)x0 (or y0 = 0) and update for 𝑟 = 0, 1, 2, . . .

1. Local primal updates: set Φ𝑟0 = x𝑟 , for 𝑡 = 0, . . . , τ − 1:

Φ𝑟𝑡+1 = Φ𝑟𝑡 − 𝛼∇F(Φ𝑟𝑡 ; 𝝃𝑟𝑡 ) − 𝛽y𝑟 (14a)

2. Diffusion round:

x𝑟+1 = WΦ𝑟τ (14b)

3. Local dual update:

y𝑟+1 = y𝑟 + (I −W)Φ𝑟τ (14c)
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LED

node 𝑖 input: 𝑥0
𝑖
, 𝛼 > 0, 𝛽 > 0, and τ

initialize 𝑦0
𝑖
= 𝑥0

𝑖
−
∑

𝑗∈N𝑖
𝑤𝑖 𝑗𝑥

0
𝑗

(or 𝑦0
𝑖
= 0)

repeat for 𝑟 = 0, 1, 2, . . .

1. Local primal updates: set 𝜙𝑟
𝑖,0 = 𝑥

𝑟
𝑖

and do τ local updates:

𝜙𝑟𝑖,𝑡+1 = 𝜙
𝑟
𝑖,𝑡 − 𝛼∇𝐹𝑖 (𝜙𝑟𝑖,𝑡 ; b𝑟𝑖,𝑡 ) − 𝛽𝑦𝑟𝑖 , 𝑡 = 0, . . . , τ − 1 (15a)

2. Diffusion:

𝑥𝑟+1𝑖 =
∑︁
𝑗∈N𝑖

𝑤𝑖 𝑗𝜙
𝑟
𝑗,τ (15b)

3. Local dual update:

𝑦𝑟+1𝑖 = 𝑦𝑟𝑖 + 𝜙𝑟𝑖,τ − 𝑥𝑟+1𝑖 (15c)
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Connection with existing methods
SCAFFOLD: Server parameters (𝑥𝑟 , 𝑐𝑟 ) are sent to the participating
nodes S𝑟 ⊂ [𝑁]. Each participating node 𝑖 ∈ S𝑟 initializes 𝜙𝑟

𝑖,0 = 𝑥
𝑟 :

𝜙𝑟𝑖,𝑡+1 = 𝜙
𝑟
𝑖,𝑡 − 𝛼(∇𝐹𝑖 (𝑥𝑖,𝑡 ; b𝑖,𝑡 ) − 𝑐𝑟𝑖 + 𝑐𝑟 ), 𝑡 = 0, 1, . . . , τ − 1

𝑐𝑟+1𝑖 =

{
option I: ∇𝐹𝑖 (𝑥𝑟 ; b𝑖), or

option II: 𝑐𝑟
𝑖
− 𝑐𝑟 + 1

τ𝛼
(𝑥𝑟 − 𝜙𝑟

𝑖,τ
)

Server parameters are then updated using the aggregated updates:

𝑥𝑟+1 = 𝑥𝑟 + 𝛼𝑔

|S𝑟 |

∑︁
𝑖∈S𝑟

(𝜙𝑟𝑖,τ − 𝑥𝑟 )

𝑐𝑟+1 = 𝑐𝑟 + 1
𝑁

∑︁
𝑖∈S𝑟

(𝑐𝑟+1𝑖 − 𝑐𝑟𝑖 )

option II
= (1 − |S𝑟 |

𝑁
)𝑐𝑟 + 1

τ𝛼𝑁

∑︁
𝑖∈S𝑟

(𝑥𝑟 − 𝜙𝑟𝑖,τ)
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Full participation: Let 𝑐𝑟
𝑖
= τ𝛼(𝑐𝑟 − 𝑐𝑟

𝑖
), then

𝜙𝑟𝑖,𝑡+1 = 𝜙
𝑟
𝑖,𝑡 − 𝛼(∇𝐹𝑖 (𝑥𝑖,𝑡 ; b𝑖,𝑡 ) − 𝑐𝑟𝑖 + 𝑐𝑟 )

= 𝜙𝑟𝑖,𝑡 − 𝛼∇𝐹𝑖 (𝑥𝑖,𝑡 ; b𝑖,𝑡 ) − 1
τ
𝑐𝑟𝑖 , 𝑡 = 0, 1, . . . , τ − 1

𝑥𝑟+1 = (1 − 𝛼𝑔)𝑥𝑟 +
𝛼𝑔

𝑁

𝑁∑︁
𝑗=1

𝜙𝑟𝑗,τ

and

𝑐𝑟+1 = 1
τ𝛼𝑁

𝑁∑︁
𝑗=1

(𝑥𝑟 − 𝜙𝑟𝑗,τ)

We have

𝑐𝑟+1𝑖 − 𝑐𝑟+1 = −𝑐𝑟+1 + 𝑐𝑟𝑖 − 𝑐𝑟 + 1
τ𝛼

(𝑥𝑟 − 𝜙𝑟𝑖,τ)
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multiplying by −τ𝛼

𝑐𝑟+1𝑖 = τ𝛼𝑐𝑟+1 + 𝑐𝑟𝑖 − (𝑥𝑟 − 𝜙𝑟𝑖,τ)

= 𝑐𝑟𝑖 + 1
𝑁

𝑁∑
𝑗=1

(𝑥𝑟 − 𝜙𝑟
𝑗,τ
) − (𝑥𝑟 − 𝜙𝑟

𝑖,τ
)

= 𝑐𝑟𝑖 + 𝜙𝑟𝑖,τ − 1
𝑁

𝑁∑
𝑗=1
𝜙𝑟
𝑗,τ

SCAFFOLD with full participation can rewritten as

𝜙𝑟𝑖,𝑡+1 = 𝜙
𝑟
𝑖,𝑡 − 𝛼∇𝐹𝑖 (𝑥𝑖,𝑡 ; b𝑖,𝑡 ) − 1

τ
𝑐𝑟𝑖 , 𝑡 = 0, 1, . . . , τ − 1 (16a)

𝑥𝑟+1 = (1 − 𝛼𝑔)𝑥𝑟 +
𝛼𝑔

𝑁

𝑁∑︁
𝑗=1

𝜙𝑟𝑗,τ (16b)

𝑐𝑟+1𝑖 = 𝑐𝑟𝑖 + 𝜙𝑟𝑖,τ − 1
𝑁

𝑁∑︁
𝑗=1

𝜙𝑟𝑗,τ (16c)
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FedGATE

𝜙𝑟
𝑖,𝑡+1 = 𝜙

𝑟
𝑖,𝑡

− 𝛼(∇𝐹𝑖 (𝜙𝑟𝑖,𝑡 ; b𝑟𝑖,𝑡 ) − 𝛿𝑟𝑖 ) 𝑡 = 0, . . . , τ − 1

𝑥𝑟+1 = 𝑥𝑟 − 𝛼𝛾
(
𝑥𝑟 − 1

𝑁

𝑁∑
𝑗=1
𝜙𝑟
𝑗,τ

)
𝛿𝑟+1
𝑖

= 𝛿𝑟
𝑖
− 1
𝛼τ

(
𝜙𝑟
𝑖,τ

− 1
𝑁

𝑁∑
𝑗=1
𝜙𝑟
𝑗,τ

)
Letting 𝑐𝑟

𝑖
= −𝛼τ𝛿𝑟

𝑖
and 𝛼𝑔 = 𝛼𝛾, we can rewrite FedGATE as

𝜙𝑟𝑖,𝑡+1 = 𝜙
𝑟
𝑖,𝑡 − 𝛼∇𝐹𝑖 (𝜙𝑟𝑖,𝑡 ; b𝑟𝑖,𝑡 ) − 1

τ
𝑐𝑟𝑖 𝑡 = 0, . . . , τ − 1 (17a)

𝑥𝑟+1 = (1 − 𝛼𝑔)𝑥𝑟 +
𝛼𝑔

𝑁

𝑁∑
𝑗=1
𝜙𝑟
𝑗,τ

(17b)

𝑐𝑟𝑖 = 𝑐
𝑟
𝑖 + 𝜙𝑟𝑖,τ − 1

𝑁

𝑁∑
𝑗=1
𝜙𝑟
𝑗,τ

(17c)

This is the same as SCAFFOLD representation (16) with full node
participation
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Relation with SCAFFOLD, FedGATE, and VRL-SGD

Using the network notation with x𝑟 = 1 ⊗ 𝑥𝑟 , we can rewrite FedGATE
and SCAFFOLD as

Φ𝑟𝑡+1 = Φ𝑟𝑡 − 𝛼∇F(Φ𝑟𝑡 ; 𝝃𝑟𝑡 ) − 1
τ
y𝑟 , 𝑡 = 0, . . . , τ − 1 (18a)

x𝑟+1 = (1 − 𝛼𝑔)x𝑟 +
𝛼𝑔

𝑁
11TΦ𝑟τ (18b)

y𝑟+1 = y𝑟 + (I − 1
𝑁
11T)Φ𝑟τ . (18c)

• The above reduces to VRL-SGD when 𝛼𝑔 = 1

• When 𝛼𝑔 = 1, the update becomes LED (14) with W = 1
𝑁
11T and

𝛽 = 1/τ; In other words, FedGATE and SCAFFOLD with 𝛼𝑔 = 1
(VRL-SGD) is the same as LED for the fully connected network case

• For τ = 1, these algorithms can be interpreted as the primal-dual
method PDFP2O (aka PAPC)
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LED rate
There exist a constant stepsizes 𝛼 that yields the following rates

Nonconvex rate:

1

𝑅

𝑅−1∑︁
𝑟=0

(E ∥∇ 𝑓 (𝑥𝑟 )∥2 + 1
τ

τ−1∑
𝑡=0

∥ 1
𝑁

𝑁∑
𝑖=1

∇ 𝑓𝑖 (𝜙𝑟𝑖,𝑡 )∥2)

≤ O
(
𝐿 𝑓 (𝑥0)𝜎
𝑁τ𝑅

) 1
2

+O ©« 1

𝜌1/3

(
𝑓 (𝑥0)𝐿𝜎
√
τ𝑅

) 2
3 ª®¬ +O ©«

𝐿
𝑓 (𝑥0 )
𝜌

+ 𝜍20
𝑅

ª®¬
Convex rate:

1

𝑅

𝑅−1∑︁
𝑟=0

E[ 𝑓 (𝑥𝑟 ) − 𝑓 (𝑥★)]

≤ O
(
𝐿∥𝑥0 − 𝑥★∥2𝜎

𝑁τ𝑅

) 1
2

+O
(
𝐿1/3

𝜌1/3

(
∥𝑥0 − 𝑥★∥2𝜎

√
τ𝑅

) 2
3

)
+O ©«

𝐿
∥𝑥0−𝑥★∥2

𝜌
+ 𝜍20

𝑅

ª®¬
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Strongly-convex rate:

E ∥𝑥𝑅 − 𝑥★∥2 ≤ Õ
(
𝜎2

τ𝑁𝑅

)
+ Õ

(
𝜎2

𝜌τ𝑅2

)
+ Õ

(
exp [−𝜌𝑅]

(
∥𝑥0 − 𝑥★∥2 + 𝜍0

))
• 𝑓 (𝑥0) ≜ 𝑓 (𝑥0) − 𝑓★

• 𝑥0 ≜ (1/𝑁)
𝑁∑
𝑖=1
𝑥0
𝑖

• 𝜌 ≜ 1 − _

• 𝜍20 ≜
1
𝑁

∑𝑁
𝑖=1 ∥∇ 𝑓𝑖 (𝑥0) − ∇ 𝑓 (𝑥0)∥2

• The notation Õ(·) ignores logarithmic factors
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Benefits of local steps? Large data heterogeneity
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Benefits of local steps? Similar data across the network
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