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7. Solving linear equations

e triangular linear systems

e solution via QR factorization

e Gaussian elimination, LU factorization
e pivoted LU factorization

e condition of linear systems

S. Alghunaim

71



Solution of triangular linear equations
o if A € R™" is lower/upper triangular with nonzero diagonals
e Ax = b can be solved using forward/back substitution

Forward substitution algorithm: assume A is lower triangular

X1 = bl/All
Xo = (ba — A21x1) /A2
x3 = (b3 — A31x1 — A3gax3)/Ass

Xn = (bn —Apixy — Apoxg — - — An,nflxnfl)/Ann

this can be written as

i-1
x1=b1/A1, xi= (b= Aijxj)/Aii,, i=2,...,n
j=1

triangular linear systems 7.2



Back substitution algorithm: assume A is upper triangular

Xn=by/Apn
Xp-1= (bn—l - An—l,nxn)/An—l,n—l

Xp-2 = (bn—2 - An—2,n—1-xn—1 - An—2,nxn)/An—2,n—2

x1 = (b1 = A1oxa — A13xg — -+ — A1pxn) /A1

this can be written as

xn:bn/A,m, xi:(bi— er Ainj)/Aii,, iZI’l—l,...,].

j=i+l
Complexity

n
1+3+5+...+(2n_1): Z(Qk—l)ZI’lQ ﬂOpS
k=1

triangular linear systems 7.3



5X1 =15
X1 +2x9 =7 , A=
—x1 +3x9 +2x3 =5

applying the forward substitution:

x1—3=3
7-3
XQ—TZQ
. 5+3-6
BT

triangular linear systems



Inverse of triangular matrix

a triangular matrix A with nonzero diagonal elements is nonsingular:
Ax=0 = x=0

this follows from forward or back substitution applied to the equation Ax =0

e inverse of A can be computed by solving AX = I column by column
Alx1 xo -+ xy] =[e1 ea -+ en] (x;is the ith column of X)
— inverse of lower/upper triangular matrix is lower/upper triangular

e complexity of computing inverse of n X n triangular matrix

D@n+1) 1
n2+(n—1)2+~-~+22+1zww§n3flops

e conclusion: using back/forward substitution is more efficient than inverse way

triangular linear systems
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Solving linear equations via QR factorization

e assuming A is nonsingular, then x = A™1b solves Ax = b
e with QR factorization A = QR, we have A~! = (QR)"' = R~'QT

e compute x = R~ (Q7Tb) by back substitution

QR factorization method: to solve Ax = b with nonsingular A € R"*"
1. factor Aas A = OR

2. compute y = Q7h

3. solve Rx =y by back substitution

Complexity
e QR factorization 212 flops
e matrix-vector product 2>

e back substitution 2

total = 2n3 + 3n? ~ 213

solution via QR factorization
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Multiple right-hand sides

consider k sets of linear equations with the same coefficient matrix A:
AX1 =b1, AXQ =b2, ey Akabk

e factor A once (2n° flops)

e solve QRx; = b; foreachi =1,...,n (3kn? flops)

Complexity
o 2n3 + 3kn? flops if we reuse the factorization A = QR

e for k < n, cost is roughly equal to cost of solving one equation: 2n3

solution via QR factorization 77



Computing the inverse

solving the matrix equation AX = I gives A™*
e equivalent to solving n equations Ax; =e; (i =1,...,n) or:
Rx; =Q%ey, Rxy=0QTes, ..., Rx,=07e,

e x; is ith column of X and Q7e; is the ith column of QT

o complexity is 2n + n3 = 3n3

Solving linear equations by computing the inverse
e compute inverse A~! costs 3n3, then compute A~1b costs 21?2

e total complexity: 31> + 2n? ~ 3n3
e more expensive than QR factorization method, which costs 2n?

e while inverse appears in many formulas, it is computed far less often

solution via QR factorization 7.8



Solving general linear equations

suppose A € R™*" b € R™ with rank(A) = r and consider solving

Ax=b

e solution exists if rank(A) = rank[A b] =r (b € range(A))
e no solution exists if rank[A b] = r + 1 (b ¢ range(A))

e we start with the full pivoted QR factorization of A:

A s R Ro
AP=QR=[0 Qo]
0 O
O € R™™ is orthogonal, R € R™>" P € R™ " is a permutation matrix
_ Q c Rmxr’ QO c [Rmx(m—r)
— R € R is upper triangular with nonzero diagonals, Ry € R”*(=7)

— the zero submatrices in the bottom (block) row of R have m — r rows

solution via QR factorization



Solving general linear equations using QR factorization

e using A = QRPT we can write Ax = b as
QRPTx = QAIQZ =b, where z=PW
e multiplying both sides by QTgives the equivalent set of m equations Rz = QTb

e expanding this into subcomponents gives

5| R1 Ro | o™
k| =] 6 |

e we see that there is no solution of Ax = b, unless we have ng =0

e assuming ng = 0, the equations reduce to a set r linear equations in n variables
Riz1 + Raz2 = Qb

e we can find a solution of these equations by setting zo arbitrary

solution via QR factorization 7.10



Solving general linear equations using QR factorization

e solving for z;:
Riz1 =07b -~ Rozo &= 71 = R{Y(Q7bh - Raz2)
e now we have a z that satisfies Rz = QTb
e we get the corresponding x from x = Pz:
10T} _ -1T -1
R7Y(QTh — Razo) }:P[ R; 0Q b ]+P[ R11R2 ]m

x=P
22

this x satisfies Ax = b, provided we have ng =0
e right term is in null(A) — see page 6.20

e a particular solution is obtained by setting zo = 0:

-1HT
x:P[RlloQ b]

e the construction outlined above is pretty much what A\b does in MATLAB

solution via QR factorization 711
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Elementary row operations

suppose A is an n X n invertible matrix, b is an n-vector

solution of Ax = b is invariant under the elementary row operations:

1. interchanging any two rows of the matrix [A | b]
2. multiplying one of its rows by a real nonzero number

3. adding a scalar multiple of one row to another row

Gaussian elimination, LU factorization
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Elementary elimination matrix

for n-vector u, we can zero out elements below kth entry as follows:

1 0 0 0
w. |0 - 1 0 - 0
CUUE10 o Lk 1o 0

0 o Lyx 0 - 1|

Lix=uifugfori=k+1,...,n

the divisor uy is called the pivot

e G is unit lower triangular, and hence nonsingular

Gaussian elimination, LU factorization

u

Ug
Uk+1

Up

G0 called elementary elimination matrix or Gauss transformation

u

Uk
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Gaussian elimination procedure

Iteration 1
e zero out the first column below the main diagonal

e subtract Q—ﬁx the first row from the ithrow foralli = 2,3, ...,n

[A11 A1z - A by

(1) (1) (1)

P Y I T
—Lopgy 1 : P :

~— (1) (1) (1)
- 0 AL Al b

_ [A11 A1,2:n by
| 0 Aou2m — Lon1Ar2m bam — Loniby

where Lo.p 1 = Agin,1/A11 = (A21/A11, ..., Ani/A11)

Gaussian elimination, LU factorization 714



Iteration 2:

e zero out the second column below diagonal

(1
e subtract %x the second row from the ith row for alli = 3,4, ...,n
22
Ayn A e o Ay by
(1) (1) (1) (1)
1 0 0 0 Ay A23 A2n b,
. 2 2 2
0 1 o[[aWpWy=|: 0o AQ .. Al pP
0 —Lzpn2 1 : : P :
N — (2) (2) (2)
c@ 0 0 A o Ay by
A11 A12 A1,3:n bl
(1) (1) (1)
=10 Ay ) A2,3:n . ) b, .
0 0 AZ(S:;i,B:n - L3:"v2A;,.?)>:n bi(*}r)L - LS:”»Qbé )

where L2 = AY) /A% = (AL /A%, ... ALY /ALY

Gaussian elimination, LU factorization



Final iteration

e after n — 1 iterations, we get the upper-triangular system

All A12 A(ln) lzl)
(1) 41 1 1
R S
-1 -1 .
[A(n )|b(n )]: : 0 A33 A3n b3
0 0 - 0 AlY pb

where
U=Am"1 =g-D...g2gM4

p=1) — =D .2 g,

e now, we solve Ux = b"~1) using back substitution

Gaussian elimination, LU factorization

7.16



Example

1 2 2 |[x 3
Ax=[4 4 2 ||xq|=|6]|=b
4 6 4 ||x3 10

we subtract four times the first row from each of the second and third rows:

1 0011 2 2 1 2 2
GMA=|-4 1 01||4 4 2|=|0 -4 -6
4 0 1|4 6 4 0 -2 -4
1 00 3 3
GYp=|-4 1 0 6 |=| -6
-4 0 11|10 -2

Gaussian elimination, LU factorization 717



we subtract 0.5 times the second row from the third row:

1 0 0 1 2 2]

GPcMa=10 1 0]l0 -4 -6
0 -3 1]]0 -2 —4 |
1 00
GP¢Wp={0 1 0| -6
0 -5 1]]-2]

3]

[1 2 2
0 -4 -6
0 0 -1
[ 3
-6
1

we have reduced the original system to the equivalent upper triangular system

1 2 2 X1 3
Ux=|10 -4 -6 X9 [=]| —6
0 0 -1 X3 1

which can now be solved by back-substitution to obtain x = (-1, 3, —1)

Gaussian elimination, LU factorization



Inverse of elementary matrix

1 0 0 0 [ 1 0 0 0
0 - 1 0 - 0 _ 0 --- 1 0o -~ 0 0]
0 Lpwx 1 0 0 o Limg 1 = 0
|0 —Lyx 0 o 1] |0 - Lyx O -+ 1]

e compactly: (I — lkeg)’1 =1+ lke,{where e=1(0,...,0, L1 ks> Lnk)
o inverse LX) has same form as G K) with subdiagonal entries negated
e for k < j,we have e!l; = 0 and thus

LV =200 el v, gel |

which is also lower triangular

Gaussian elimination, LU factorization 7.19



LU factorization

Gaussian elimination produces
U=c"V...ag2gM4

or written equivalently
A=LU

o L =LW...[(n=2) [ (n=1) yhere LK) = (G(k>)‘1

e L is lower triangular (see previous page)

this is called LU factorization or LU decomposition

e requires pivots to be nonzero during Gaussian elimination procedure

Gaussian elimination, LU factorization 7.20



Example

consider A from previous example

1 2 2
A=|4 4 2
4 6 4
we have
1 0 0 1 0 0
GM=|-4 10| G?P=|0 10
-4 0 1 0 -05 1
hence,
1 0 0 1 0 0 1 0 0
L=(G") ' GP)"'=|4 1 0{|0 1 0|=[4 10
4 0 1 0 05 1 4 05 1
we thus have
1 2 2 1 0 0 1 2 2
A=(4 4 2 |=]4 1 0 0 -4 -6 |=LU
4 6 4 4 05 1 0 0 1

Gaussian elimination, LU factorization 7.21



Gaussian elimination algorithm

given Ax = b with nonsingular A € R™" and b € R"
setU=Aand L =1

fork=1,...,n-1

1. Lit1:nk = Uksr:nk/Ukk then set Ugyq:n,6 = 0
2. Uk+1:n,k+1:n = Uk+1:n,k+1:n - Lk+1:n,kUk,k+1:n
3. br+1:n = brs1:n — Lir1:n,kbr

next, apply the algorithm of back substitution to Ux = b
algorithm gives factorization A = LU

Complexity

e cost is approximately (2/3)n>

e back substitution costs 2

e cost of the Gaussian elimination phase dominates

Gaussian elimination, LU factorization
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Recursive computation of A = LU

Aqq Aron | _ 1 0 Ui Ui

A2:n,1 A2:n,2:n L2:n,1 L2:n,2:n 0 U2:n,2:n
_ U1 Ui,2:n

U11L2:n,1 L2:n,1U1,2:n + L2:n,2:nU2:n,2:n
1. find the first row of U and the first column of L:
1
Uin =A1, Ui =Ar120, Lona= A_AQ:n,l

11

2. factor the (n — 1) X (n — 1)-matrix
1
Lon2:nU2:n,2:n = A2:n2:n — Loin,1U1,2:0 = A2:n,200 — i Ao 1A1,2:0
11

this is an LU factorization of size (n — 1) X (n — 1)
3. we can calculate La.j 2., and Us.y 2., by repeating process on factored matrix

(this is basically Gaussian elimination on page 7.22)

Gaussian elimination, LU factorization 7.23



Example

b

Il
O W 00
N © N
© W ©

factor as A = LU with L unit lower triangular, U upper triangular

8§ 29 1 0 0 Uin Ui
A=14 9 4 |=|Ly 1 0 0 Uz
6 7 9 L3i L3z 1 0 0

Gaussian elimination, LU factorization

Uis
Uzs
Uss

7.24



Solution
e first row of U, first column of L:

8 2 9 1 0 0 8 2 9
4 9 4 (=|1/2 1 0 0 Uz Uss
6 7 9 3/4 L3y 1 0 0 Uss

e second row of U, second column of L:
9 4 1/2 |1 o
[7 9]_ 3/4}[29]‘[&521]
8  -1/2 | _ 1 0
11/2 9/4 || 11/16 1

e third row of U: Us3 = 9/4+11/32 =83/32

Uz Uss
0 Uss

8 -1/2
0 Uss
putting things together, we obtain
8 2 9 1 0 0 8 2 9
4 9 4 (=(1/2 1 0|0 8 -1/2
6 7 9 3/4 11/16 1 0 0 83/32

Gaussian elimination, LU factorization

A=

7.25



Factorization A = LU may not exists

1 0 0 1 0 0 Uit U Uiz
A=|10 0 2 |=|Lyy 1 O 0 Uz Uy
0 1 -1 L3; L3 1 0 0 Uss

1 0 O 1 0 0 1 0 0
0 0 2 =0 1 0 0 Uy Uss
01 -1 0 L3 1 0 0 Uss

e second row of U, second column of L:
0 2| 1 0 Usa Usz
1 -1 7| Ly 1 0 Uss
e issue: Uzs =0, Usz = 2, L3o = 1/0! (can be fixed via pivoting)

Gaussian elimination, LU factorization 7.26
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LU factorization with pivoting

LU factorization (no pivoting)
A=LU
e [ unit lower triangular, U upper triangular
e does not always exist (even if A is nonsingular)
e sufficient existence condition: A is diagonally dominant |A;;| = - ;; |Aij]

LU factorization with row pivoting

PA=LU
e P permutation matrix, L unit lower triangular, U upper triangular
e interpretation: permute the rows of A and factor PA = LU

e always exists if A is nonsingular

e not unique; there may be several possible choices for P, L, U

pivoted LU factorization 7.27



LU factorization and matrix inverse

let A is nonsingular and n X n, with LU factorization
A=PILU
e inverse from LU factorization
At =(PTLo)y "t =vuTtLtp
e gives interpretation of solving Ax = b steps: we evaluate
x=A"b=U""L"'Pb

in three steps
z21=Pb, z3=L""z;, x=U"z25

pivoted LU factorization 7.28



Solving linear equations by LU factorization

given Ax = b with nonsingular A € R"*" and b € R"

1. factor A as A = PTLU
2. solve (PTLU)x = b in three steps
(a) permutation: z1 = Pb

(b) forward substitution: solve Lzg = z1

(c) back substitution: solve Ux = zo

Complexity:

e factorization requires (2/3)n>flops

e forward and back substitution costs n? each
e total: (2/3)n> + 2n? ~ (2/3)n flops

this is the standard method for solving Ax = b with nonsingular A

pivoted LU factorization
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Multiple right-hand sides

k sets of linear equations with same coefficient non-singular matrix A € R"™*":

Ax1=b1, Ax2=b2, ey Akabk

factor A once

forward/back substitution to get x;

forward/back substitution to get xo

e _.efc

complexity: (2/3)n3 + 4kn? = (2/3)n3 itk << n

pivoted LU factorization
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Computing the inverse

solve AX = I column by column:

e one LU factorization of A: (2/3)n? flops
e 7 solve steps: 2n> flops

e total: (8/3)n? flops

Conclusion: do not solve Ax = b by multiplying A~! with b

e 4x more computationally expensive than using the LU factorization route
e forming A~! is wasteful in storage

e it may give rise to a more pronounced presence of roundoff errors

pivoted LU factorization 7.31



Effect of rounding error

10° 1)[x | [1
1 1 X9 - 0
solution is:
-1 1
=, Xo = —mm 8 —
NI 0 T 1108

e let us solve using LU factorization for the two possible permutations:

1 0 0 1
P_[() 1] or P—[l 0]

e we round intermediate results to four significant decimal digits

pivoted LU factorization

7.32



First choice: P = I (no pivoting)

107° 1 _ 1 0 1072 1
1 1| |10 1 0 1-10°
e [, U rounded to 4 significant decimal digits
1 0 1073 1
L 8o

e forward substitution

1 0 2z | _ |1 _ - _10°
[105 1HZQ]"[0] = a=l 2=-10

e back substitution

X1
X2

1075 1
0 -10°

error in x1 is 100%

pivoted LU factorization
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Second choice: interchange rows

1 1] [ 1 o1 1
105 1[7]10° 1[0 1-107°

e [, U rounded to 4 significant decimal digits

[ 1 0 1 1
L‘_1o—5 1}’ U‘[o 1]

e forward substitution

1 0l[=z]_|O B 3
s 2]z ][] = ame o

e back substitution

1 1 X1 _ 0 _ _
EHEEHEE .

error in x1, X2 is about 1072

pivoted LU factorization 7.34



Conclusion: rounding error and numerical instability

e for some P, small roundoff errors can cause very large errors in the solution

e this is called numerical instability:
— for the first choice of P in the example, the algorithm is unstable

— for the second choice of P, it is stable

e asimple rule for selecting a good permutation is via partial pivoting (see next)

pivoted LU factorization 7.35



Computing LU factorization with partial pivoting

Gaussian elimination with partial pivoting

given nonsingular A € R"*"
setP=1,L=0,U=A
fork=1,2,...,n-1
1. select ¢ > k to maximize |Ug|
Pr,. < Py, (swap rows)
U = PU (swap rows)
L = PL (swap rowsif k > 2)
2. set Ly =1
8. Li+1:nk = Ugs1:n .k /Ukk then set Ugs1:nk = 0
Ukst:nk+1:n = Uketinkr1:n — Lit1n k Uk kr1:n

algorithm produces factorization PA = LU

pivoted LU factorization
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Example

S

Il
o N O
© W v
0 O W

since A1 = 0, we swap rows 1 and 3 using
0 0 1 0 5 5
U=PA=|0 1 0 2 3 0
1 0 0 6 9 8
set Ly =1, (La1, Lay) = (3, 8), and
1

0 0
LM =11/3 0 o, Ué;lyz,zn = [ g (5) ] - [
0 0 0

pivoted LU factorization

6
2
0

ot W ©

o

o

|

0
)

~8/3
5

|
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we swap the second and third row of v

33118

@
v 220 =1 0 || 5 5 0 -8/3

2:n,2:n

we also swap the second and third rows of L™ and set Lo =1

1 00

LP=10 10

1/3 0 0

the matrix U(Q) isu i . (3) _
9.n.2:n IS UPpEr triangular; hence Uy 5. = 8/3 and

1 00

LP={0 10

1/3 0 1

pivoted LU factorization 7.38



the permutation matrix is (I swap rows 1 < 3 then 2 < 3)

1 0 1 0 0 0 0 1 0 0 1
P= [ 0 p ] Pi={0 0 1 01 0]=11 00
2 01 0|[l1 00 01 0
the LU factorization A = PTLU can now be assembled follows
0 0 1 0 5 5 1 0 0] 6 9 8
1 0 O 2 3 0|=]10 1 0]]0 5 5
01 0 6 9 8 1/3 0 111 0 0 -8/3
P A L U

pivoted LU factorization 7.39



Sparse linear equations

if A is sparse, it is usually factored as
P1AP, = LU

P, and P are permutation matrices

e interpretation: permute rows and columns of A and factor A= P{APy
A=LU

e choice of P and P greatly affects the sparsity of L and U

e several heuristic methods exist for selecting good permutations

e in practice: #flops < (2/3)n3; exact value depends on 7, number of nonzero
elements, sparsity pattern

pivoted LU factorization
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Matrix 2-norm

a matrix norm || - || is any function satisfying the properties
e nonnegative: ||A|| > 0 forall A

e positive definiteness: ||A|| =0 only if A =0

e homogeneity: [|BA|| = |B]|All

e triangle inequality: ||A + B|| < ||A|| + ||B]|

the 2-norm or spectral norm is

Il = ma P - g
Tl i

e the norms ||Ax|| and ||x|| are Euclidean norms of vectors
e ||Ax||/||x|| gives the amplification factor or gain of A in the direction x
e no simple explicit expression, except for special A

e in MATLAB: norm(A)

condition of linear systems 7.41



Special cases

sometimes it is easy to maximize ||Ax||/||x||
e zero matrix: ||0]]2 = 0
e identity matrix: |||z = 1

e diagonal matrix:

Ay, 0 0
0 A

A= : : . _ » lAllz = [Jax |Ajil
0 0 - A

e matrix with orthonormal columns: ||A]|2 = 1

General matrices: ||A||2 must be computed by numerical algorithms

condition of linear systems
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Additional properties satisfied by the 2-norm

submultiplicative (consistency condition)
— ||Ax|| < ||A]|2]|x]| if the product Ax exists
— ||AB|l2 < ||All2]|B]|2 if the product AB exists

if A is nonsingular: [|A]|2||A7Y]|2 > 1

if A is nonsingular: 1/[|A™} || = minyo (|| Ax|l/Ilx]])

ATz = l|All2

condition of linear systems
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Other matrix norms
the infinity-norm is the maximum absolute row sum:
n
Allo = max a;;
IAlle = 55
the 1-norm is the maximum absolute column sum:

m
All; = max ‘a-~|
” ”1 13},5"[:21 ij

Example
1 3 7

A= _4 192795 -2

we have
[|Alleo = max{11,7.2725} = 11

IIAll; = max{5,4.2725,9} = 9

condition of linear systems
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Condition of a set of linear equations

e assume A is nonsingular and Ax = b

e if we change b to b + Ab, the new solution is x + Ax with
A(x+Ax)=b+Ab

e thechangeinxis

Ax=A"1AD

Condition

e well-conditioned if small Ab results in small Ax

e ill-conditioned if small Ab can result in large Ax

condition of linear systems
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A=1
2

Example of ill-conditioned equations

1-10%0

1 1 o
]’ A7=] 14100

1410719 1-10710

e solutionforb = (1,1)isx = (1, 1)

e change in x if we change b to b + Ab:

Aby — 100 (Aby — Aby)

_ 471 _
Ax=A"Ab = [ Ab1 + 100 (Aby — Aby)

small Ab can lead to very large Ax

condition of linear systems

1010
-101°

|
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Bound on absolute error

suppose A is nonsingular and define

x=A"'D, Ax=A"'Ab

Upper bound on ||Ax||:
llAx]| < [[A7l2]lAb]|

e small ||[A~!||> means that ||Ax|| is small when ||Ab|| is small
e large ||A~1||2 means that ||Ax|| can be large, even when ||Ab|| is small

e for every A, there exists nonzero Ab such that ||Ax|| = ||[A~1||2||AD||

condition of linear systems 7.47



Bound on relative error

suppose in addition that » # 0; hence x # 0

Upper bound on ||Ax||/||x]|:

lAxi|
=D

AB|

< [|All2lA7H 2
? bl

follows from [|Ax|| < |A~"[|2[|Ab]l and [I6]] < [|A]l2[lx]

IA]l2|lA= |2 small means ||Ax||/||x]| is small when ||Ab]|/||5]| is small

IA]l2llA= 1|2 large means ||Ax]|/||x]| can be much larger than ||Ab||/|15]|

for every A, there exist nonzero b, Ab such that equality holds

condition of linear systems 7.48



Condition number

the condiition number of a nonsingular matrix A is

K(A) = [|All21A7" l2

e wehave 1 = ||I]j2 = |[A Al < k(A)
e condition number is a measure of how close a matrix is to being singular
e matrix is ideally conditioned if its condition number equals 1

e A is a well-conditioned matrix if k(A) is small (close to 1):

the relative error in x is not much larger than the relative error in b

e A is badly conditioned or ill-conditioned if k(A) is large (nearly singular):

the relative error in x can be much larger than the relative error in b

e Dby convention k(A) = oo if A is singular

condition of linear systems
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Example

e A is blurring matrix, nonsingular with condition number ~ 10°

e we apply A to image x

blurred image blurred and noisy image

y1 = Ax y2 = Ax+ small noise

condition of linear systems 7.50



Example

we solve Ax =y for the two blurred images

e illustrates ill-conditioning of A (nearly singular)

e inverse amplifies the noise component

condition of linear systems 7.51



Residual and condition number

A(x+Ax) =b+Ab
e let X be an estimate solution of Ax = b
e residual 7 = b — Ax; zero residual mean we get exact solution
o letAx =X —xsoX=x+Ax
e we have
Ab=A(x+Ax)-b=Ax-b=-7

e hence from before
IIAxII

e error can be much larger than residual when condition number is large

17

<Al

o small residual does not imply small error in solution unless A is well-conditioned

condition of linear systems 7.52



Example

0.127

0.913  0.659
A‘[ 0.457 0.330 ] b

g

e consider two approximate solutions

[ 06391 ) 0.999
S Tl and X2 =1 _} 001

the norms of their respective residuals are
I71]l = 6.8721 x 10™® and ||F2|| = 1.8 x 1073
e X1 has smaller residual but solution is (1, —1), so X5 is more accurate
e this is due to A being ill-conditioned

e in practice we cannot expect to deliver much more than a small residual
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