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6. QR factorization

o QR factorization

e QR via Gram-Schmidt
o modified Gram-Schmidt
e pivoted QR factorization

o Householder algorithm
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QR factorization
A is an m X n matrix with linearly independent columns (m > n, rank(A) = n)
QR factorization (reduced or thin QR factorization)
A=0R
e Ris n X n, upper triangular, with nonzero diagonal elements (invertible)
e Qis m X n with orthonormal columns (Q7Q = I)
e several algorithms, including Gram-Schmidt (in MATLAB: [Q,R]=qr (A,0))

Full QR factorization (QR decomposition)
R
A=[0 0 [0]

e same Q, R as before
e [QO Qp]is m x m and orthogonal; Qg has size m X (m — n)

e several algorithms, including Householder (in MATLAB: [Q,R]=qr(4))

QR factorization
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Pseudo-inverse via QR factorization

pseudo-inverse of A with linearly independent columns with A = QR is
AT = (ATA)1AT
-1
= ((@RT(QR) (2R
= (R'QTOR)™'RTQ"
= (R'R)T'RTQT (QT0=1)
=R 'RTRTQT (R is nonsingular)
— R—lQT
e for square nonsingular A this is the inverse: A™! = (QR)™! = R71QT

e pseudo-inverse of A with linearly independent rows with AT = QI@ is

AT = AT(AAT) 1= QR T

QR factorization
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Range and QR factorization

suppose A has linearly independent columns with QR factorization A = QR

e ( has the same range as A:

y € range(A) &= y = Ax for some x
&= y = QRx for some x
&= y = Qz for some z
< y e range(Q)
e columns of Q are orthonormal basis for range(A):

they are linearly independent and span(qs, . . ., ¢,) = range(A)

QR factorization
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® QR factorization

® QR via Gram-Schmidt
o modified Gram-Schmidt
e pivoted QR factorization

e Householder algorithm

Outline



Matrix form of Gram-Schmidt

let A be an m X n matrix with linearly independent columns

e running Gram-Schmidt on A produces orthonormal vectors g1, . . ., qn

e we know from Gram-Schmidt algorithm that

ak = (qlar) g+ + (qf_ ai)qe-1 + |Gkl qx
=Rixg1 +- -+ Rr—1,xqr-1 + Rrxqx

where R;; = g7a; and R;; = [|gil| > 0

e expressing thisforeachk =1,...,n,
ar=Rug Ri1 Rz
az = R12g1 + Raz2q2 0 R
A= [Q1 qn]

an = Ripq1+- -+ Runqn

QR via Gram-Schmidt

Rln
R2n
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QR factorization via Gram-Schmidt

given: m X n matrix A with linearly independent columns a1, ..., a,
set g1 = ai/lla1]l and R11 = [la1]|
fork=2,...,n

1. gk =ax
2. forj=1,...,k-1
Rjk =~q1rak
dk =4k — Rjrqj
3. set
Rik = llGk|l
9k = Gk / Rk

e R is generated column by column

e complexity: 2mn? flops

QR via Gram-Schmidt
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Example

-1 -1 1

1 3 3

A= [al a a3] = -1 -1 5
1 3 7

g1 =ai/llall = (-1/2,1/2,-1/2,1/2), Ru1 = |la1]| =2
e k=2 wehave Ris = qfaQ =4, and

Go = as - (qlaz)q1 = (1,1,1,1)

normalizing, we get

Roo = |1G2ll =2, g2 =G2/R22=(1/2,1/2,1/2,1/2)

QR via Gram-Schmidt 6.7



e k =3;wehave Ri3 =qglas =2and Ry3 = glaz = 8, so

Gz =az - (¢7as)q1 — (qhaz)g = (-2,-2,2,2)

normalizing, we get

Rss = llsll =4, g3 = Gs/Rss = (=1/2.-1/2,1/2,1/2)

therefore,
-1 -1 1
1 3 3
-1 -1 5 =[611 q2 Q3]
1 3 7
-1/2 1/2
_ 1/2 1/2
T -1/2 1/2
1/2 1/2

QR via Gram-Schmidt

Ri1

-1/2
-1/2
1/2
1/2

Ri2 R

Ra2  Ros
2 4 2
0 2 8
0 0 4

6.8



Numerical instability of G-S

consider the following MATLAB implementation of the G-S algorithm

[m, n] = size(A);

Q = zeros(m,n);

R = zeros(n,n);

for k = 1:n

R(1:k-1,k) = Q(:,1:k-1)’ * A(:,k);

gtilde = A(:,k) - Q(:,1:k-1) * R(1:k-1,k);
R(k,k) = norm(qtilde);

Q(:,k) = gtilde / R(k,k);

end;

e we apply this to a square matrix A of size m = n = 50

e Ais constructed as A = USV with U, V orthogonal, S diagonal with

S, =107106-D/n=D) i p

QR via Gram-Schmidt
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Numerical instability of G-S
plot shows deviation from orthogonality between g and previous columns

E; = max |qiqu|, k=2,...,n
1<i<k

0.8 F

0.6

0.4}

0.2+

loss of orthogonality is due to rounding error

QR via Gram-Schmidt
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® QR factorization

® QR via Gram-Schmidt

o modified Gram-Schmidt
e pivoted QR factorization

e Householder algorithm
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Modified Gram-Schmidt algorithm

a variation of the classical Gram-Schmidt algorithm for QR factorization

Ri1 Rz -+ Ry
0 R22 R2n
O VA PR | B
O O Rnn

of a matrix with linearly independent columns
e has better numerical properties than classical Gram-Schmidt algorithm

e computes Q column by column, R row by row

modified Gram-Schmidt
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Modified Gram-Schmidt algorithm

after k steps (k = 1, ..., n), the algorithm has computed a partial QR factorization

A=lar - ax | e -+ ay)

Rii -+ Rik | Riksr -+ Run

= lar -+ a1 0] 0 - Rir|Rers1 - R

0 1

® g1,...,qx are orthonormal vectors; R11, ..., Rixx are positive

the factorization starts with Qo = A and is complete when k = n

in step k, we compute

qk» Riks Riksts-..s Rins Ok

— compute gy then orthogonalize each of the remaining vectors against it

— generating R by rows rather than by columns

modified Gram-Schmidt

columns of Q. are residual of ag1, . . . , a, after projection on span(q1, . . .

s qk)
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Modified Gram-Schmidt update

at step k we compute g, Rk, Ri, (k+1):n, and Qk from

~ ~ R R .
Ok-1=[qr Ok [ Sk k’“f”'"]

partition Qx_1 as Qx—1 = [§x B] with G the first column and B of size m x (n — k):
Gk = qkRik: B = qiRy (k1yim + Ok
e from the first equation, and the required properties ||gx|| = 1 and Ry > 0:
. 1
Rige = llgkll. qr = 5—ax
kk

e from the second equation, and the requirement that q,{Qk =0

Ri,(k+1)n = GiB, Ok = (I — qrq{)B = B — qiRi (k1)

modified Gram-Schmidt 6.13



Summary: modified Gram-Schmidt algorithm

given: m X n matrix A with linearly independent columns a1, ..., a,

set Qo =A

for k = 1ton,

1. compute Rix = |G|l and gx = (1/Rrx)Gr where g is the first column of Ok-1
2. compute

[Ri k1 = Rinl = qiB, Qi = B — qi[Ri k1 -+ Rin]

where B is Qk_1 with the first column removed

complexity: 2mn? flops

MATLAB implementation (Q(: ,k:n) used to store Qx_1)

Q = A; R = zeros(n,n);
for k = 1:n
R(k,k) = norm(Q(:,k));

QC:,k) QC:,k) / R(k,k);

R(k,k+1:n) = Q(:,k)’ * Q(C:,k+1:n);

QC:,k+1:n) = Q(C:,k+1:n) - Q(:,k) * R(k,k+1:n);
end;

modified Gram-Schmidt 6.14



Example

-1 -1 1
1 3 3
[a1 as a3]= -1 -1 5
1 37
Step 1: first column of Q, first row of R
-1/2 |1 2 2014 9
/211 2
[a1 ag 613]= —1/216 0|1 O
1/211 6 00 1
~ R Rq 5.
:[6]1Q2][011 11,2.3]

modified Gram-Schmidt 6.15



Example

Step 2: second column of Q, second row of R

“1/2 172 | =2
a1 az as |= 2 1202 1|y g
v a8 “12 12| 2 | |5t
12 1/2| 2
B Ri1 Riz | Ri3
=[ g1 g2 0s]| O Roy|Ros
0 0|1
Step 3: third column of Q, third row of R
“1/2 1/2 -1/2
[ || 1212 g ;1 ;
frodz @ l= _q0 120 1)2 00 4
12 1/2  1/2

Ri1 Ri2 Riz
[ a1 a2 g3 ]| 0 Rx Ros

modified Gram-Schmidt 6.16



® QR factorization

® QR via Gram-Schmidt

o modified Gram-Schmidt

o pivoted QR factorization

e Householder algorithm
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QR factorization with column pivoting

A is an m X n matrix (may be wide or have linearly dependent columns)
QR factorization with column pivoting (column reordering)

A =QORPT
e () is m X r with orthonormal columns

e Risr X n,leading r X r submatrix is upper triangular with positive diagonal:

Ri1 Rz -+ Ry |Rip1 - Rip

0 R ..« R R ... R
R=[ R1 ‘ R2 ]= .22 ) :2r 2,:r+1 :2n

0 0 Rrr Rr,r+1 an

e can be chosen to satisfy R11 > Roo > --- > R, > 0
e Pis an n X n permutation matrix

e ris the rank of A: gives full rank factorization A = BC with B = Q, C = RPT

pivoted QR factorization 6.17



Interpretation

columns of AP = QR are the columns of A in a different order

the columns are divided in two groups:

AP =[A; Ay] =Q[R1 Ra], Ayismxr, Riisrxr
) Al = QR is m X r with linearly independent columns:
Aix = ORix=0 = Rl_lQTAlx =x=0

As = QR5 is m X (n — r): columns are linear combinations of columns of Ay

Ay = QRy = A1 R 'R,

the factorization provides two useful bases for range(A)

e columns of Q are an orthonormal basis

e columns of A; are a basis selected from the columns of A

pivoted QR factorization 6.18



Dimension of nullspace

if Ais m X nthen
dim(null(A)) = n — rank(A)

e dim(null(A)) is known as the nullity of the matrix
e we show this by constructing a basis containing n — rank(A) vectors
Basis for nullspace: a basis for the nullspace of A is given by the columns of

—-R7'R,
P[]

where P, R, R> are the matrices in the pivoted QR factorization
AP=Q| Ri Ry |
e Pis an X n permutation matrix
e (Q is m X r with orthonormal columns, where r = rank(A)
e Ry isr X r upper triangular and nonsingular, Ry is ¥ X (n —r)

pivoted QR factorization 6.19



Proof
e x is in the nullspace of A if and only if y = PTx is in the nullspace of AP
e y = (y1,y2) isin the nullspace of AP if and only if

APy=0= Q[ R R, ]H; ]:0

| R R | [ i; ] =0  (Q has orthonormal columns)

_p-1
il ] = [ R11 R ]y2 (R1 nonsingular)
2

e therefore, x is in the nullspace of A if and only if it is in the range of
-R7'R,
1
e the columns of this matrix are linearly independent, so they are a basis for

_p-1
range (P [ Rll R ]) =null(A)

=|

pivoted QR factorization 6.20



Modified Gram-Schmidt algorithm with pivoting

with minor changes the modified GS algorithm computes the pivoted factorization

Ri1 Riz2 -+ Ry Riyvi -+ Run
AP=g g - q]| 0 o R R
0 0 Ry Repsr = Ren
e partial factorization after k steps
Rii -+ Ru | Rigka1 - Run
AP = [q1 - qx | Qx| O R;(k Rk,.k+1 R;cn
0 | 1
o if Qk = 0, the factorization is complete (r = k, P = Py)
e algorithm starts with Py = I and QO =A
e before step k, we reorder columns of Qk—l to place its largest column first
e this requires reordering columns k, . .., n of R, and modifying Py _1

pivoted QR factorization 6.21



Example

11 0 1
0 1 1 -1
A:[a1 dog ds a4]= 1 1 0 1
01 -1 -1

Step 1

® a7 and a4 have the largest norms; we move as to the first position

e find first column of Q, first row of R

/2] 1/2
o o as an = |y
1/2 | -1/2

~ Ri1 | Ri24
[q1 1 01] [ 0 7 ]

pivoted QR factorization 6.22



Example

Step 2

e move column 3 of Q1 to first position in Q1

/2] 1 12 0
/2] -1 -1/2 1
[@2 as avas ]=) 9050 1 1
/2] -1 -1/2 -1

e find second column of Q, second row of R

/2 1/2]0 0
1/2 -1/2|0 1

[a2 as a1 a3 ]= /2 1/2]0 o
/2 -1/2|0 -1

} Ry

=[ a1 a2 ]0:2]| 0

0

pivoted QR factorization 6.23



Example

Step 3
e move column 2 of Q2 to first position in Qg
1/2 1/2 0 0
[a2 4y as ay ]= 1/2 -1/2 1 0
1/2 1/2 0 0
1/2 -1/2|-1 0

e find third column of Q, third row of R

/2 12 0
1/2 -1/2 1/V2
/2 12 0
1/2 -1/2 -1/42

[ ay dy4 asz ai ] =

Ri1 Ri2 Riz3 | R

~ 0 Roo Ro3 | Ry
[ 41 42 43 ‘ Q3 ] 0 0 R33 R34
0

0 0 1

pivoted QR factorization 6.24



Example

Result: since Q3 is zero, the algorithm terminates with the factorization

(11 0 1
1 -1 10
[a2 as as a]=]y | o
|1 -1 -1 0
[1/2  1/2 0
2 00 1
12 —12 142 02 0 1
12 12 0 00 V3 0
| 172 -1/2 -1/+2

pivoted QR factorization 6.25



Full pivoted QR factorization

any A € R™*" admits the full pivoted QR factorization:
R R
A=[0 Qo] [ 01 02] pPT

0TQ =1, R, € R™ " is upper triangular and invertible

Ry € R™*("=7) ‘and P € R™ " is a permutation matrix

[Q Qo] is an m X m orthogonal matrix
columns of Qg are an orthonormal basis for null(A7):

range(Qo) = range(A)* = null(AT)

this follows from
AT=P[RT 0 [Q’]
and

ATzszTQTzz() — QTz=0 & zerange(Qo)

pivoted QR factorization 6.26
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o QR factorization

® QR via Gram-Schmidt
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o pivoted QR factorization
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Householder algorithm

e the most widely used algorithm for QR factorization (qr in MATLAB and Julia)
e less sensitive to rounding error than (modified) Gram-Schmidt algorithm

e computes a “full” QR factorization (QR decomposition)

A=[0 0o [g] . [Q Qo] orthogonal

e can be modified to compute pivoted QR factorization:

R; RQ]

A=lo Qo][0 o |PT=QI[R1 Ro] PT

—
=R

where Ry € R"*" is upper triangular and invertible (r = rank(A))

e the full Q-factor is constructed as a product of orthogonal matrices
[Q Qol = HiHy---H,
each H; is an m X m symmetric and orthogonal

Householder algorithm
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Reflector

Reflector: an elementary reflector is a matrix of the form

H=1-2wT with v aunit-norm vector ||| = 1

Properties

o a reflector matrix is symmetric, and orthogonal
HTH = (I - 200)) (I = 200T) = I — 4w T + 4T T = 1
o reflection of v: Hv = —v
e matrix-vector product Hx can be computed efficiently as
Hx=x-20w)v

complexity is 4p flops if v and x have length p

Householder algorithm
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Geometrical interpretation of reflector

X

line through v and origin

y=(I-vwh)x

z=Hx=(I-2v0")x

e S ={u|vTu =0} is the (hyper-)plane of vectors orthogonal to v
e if ||v]| = 1, the projection of x on S is given by
y=(I-wh)x
o reflection of x through the hyperplane is given by product with reflector:

z=y+(y—x) = -2whx

Householder algorithm
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Reflection to multiple of first unit vector

given nonzero p-vector y = (y1,¥2,...,Yp), define

y1 +sign(y)yl
Y2 1
w= , V= —Ww
; [lwll
Yp

e we define sign(0) = 1

e vector w satisfies
lwll® = 2(wTy) = 2[Iy Iyl + Iy1)

o reflector H = I — 200”7 maps y to multiple of ¢, = (1,0,...,0):

2(wT :
Hy=y- ﬁ“’ =y - w=—sign(y)ylles

Householder algorithm 6.30



Geometry

y

- sign(yf) lyllie1 first coordinate axis
hyperplane {x | wTx = 0}

the reflection through the hyperplane {x | wx = 0} with normal vector

w =y +sign(y1)|lyllex

maps y to the vector —sign(y1)||y|le1

Householder algorithm
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Householder triangularization

e computes reflectors H1, .. ., H, that reduce A to triangular form:

H,H,_,---H A= [g]

o after step k, the matrix Hy Hy_1 ---H1 A has the following structure:

k n—k
(elements in positions #, j fori > j and j < k are zero)

Householder algorithm
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Householder algorithm

given: m X n matrix A with linearly independent columns a1, ..., a,
fork=1,2,...,n
1. define y = Ak.m.x and compute (m — k + 1)-vector vg:

| 1
w=y+sign(y)llyller, v = [

2. multiply Ag.m k:n With reflector I — 2ukv,f:

— T
Ak:m,k:n = Ak:m,k:n - 2vk(UkAk:m,k:n)

R
e algorithm overwrites A with [0]

e complexity: 2mn? — 2n® flops (we take 2mn? for the complexity)

Householder algorithm



Remarks

e step 2 is equivalent to multiplying A with m X m reflector

T
1 0 010
Hk - [O I - 2Ukvg] =1-2 [Uk] [Uk]

e algorithm returns the vectors vy, . . ., v,, with v, of length m — k + 1

Q-factor
[0 Qo] =H1H2--H,

e usually there is no need to compute the matrix [Q Qg] explicitly
e the vectors vy, . . ., v, are an economical representation of [Q Q]
e products with [Q Q] or its transpose can be computed as
O Qo|x=HiHyHyx
T
[Q QO] y=H,Hy 1---Hyy

Householder algorithm
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Example

-1 -1 1
1 3 3 R

A=l 215 ‘H1H2H3[0}
1 37

we compute reflectors Hy, Ho, H3 that triangularize A:

Ri1 Ri2 Ris

0  Ro2 Ros

HsH>H A = 0 0 Rss
0 0 0

Householder algorithm
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First column of R

e compute reflector that maps first column of A to multiple of ey :

y:

e overwrite A with product of I — 2v; vlT and A

Householder algorithm

-1

-1
1

s

-3

w=y-—|ylle =

A:=(- 21}10{)14 =

1
-1

1

O O oW

s

4
4/3
2/3
4/3

2
8/3
16/3
20/3

-3

-1
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Second column of R

e compute reflector that maps As.4 2 to multiple of e;:

4/3 10/3 1 1 5
y=12/3 |, w=y+lylles=| 2/3 |, va=r—w=—x|1
4/3 4/3 llwll 30| 9

e overwrite Ag.4 2.3 With product of I — 2U202T and Ag.4,2:3:

4 2
_2 —
0 16/5
0 12/5

1 0
A’[o I—%wg]A_

O O O N

Householder algorithm 6.37



Third column of R

e compute reflector that maps As.4 3 to multiple of e;:

y_[16/5] . +””e_[36/5] oo Lo L
12/5 |0 UEYTIRE T aggs | B Tt T Vo
e overwrite Ag.4 3 with product of / — 2U31)3T and As.4,3:
2 4 2
1 0 0 -2 -8
A"[o 1—203v§]A‘ 0 0 -4
0 0 0

Householder algorithm

]
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HsHyH A =

Householder algorithm

Final result

1 0
I—2v307| |0 T - 2000
2
1 0 0
1—203057 0 1—2021);} 0
0
[ 2 4 2
0 -2 -8
I —2v305 0 0 16/5
| 0 0 12/5
4 2
-2 -8
0 —4
0 o0

] (I - 2v10D)A

4 2
4/3  8/3
2/3 16/3
4/3 20/3
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