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5. Orthogonality
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e Gram-Schmidt orthogonalization

S. Alghunaim

5.1



Orthonormal vectors

the list m-vectors a, as, . . ., a, is orthonormal if

e the vectors have unit norm: ||a;|| = 1 (called normalizeq)

e they are mutually orthogonal: ala; = 0ifi # j

Examples
e standard unit n-vectors e, ..., e,

e the three vectors

1 1
ol L1 L]
-1 V2l 0| V2| o
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Orthonormal expansion

orthonormal n-vectors ay, . . ., a, are linearly independent, hence basis for R"

o therefore, for any n-vector x,
x =pyay + -+ Bnpa, forsome unique B;
this is called orthonormal expansion of x (in the orthonormal basis)
e multiplying by al on left, we have ; = alx and hence

X = (a{x)al + e+ (a,{x)a,,
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Matrix with orthonormal columns

A € R™ " has orthonormal columns if its Gram matrix is the identity matrix:

a{al a{ag a{an 1 0 --- 0
T L : 01 0
a,ai asas -+ a,d,

ATA = 2 2 2 _
T T T
a,air apas - a,dp 00 - 1

there is no standard short name for a “matrix with orthonormal columns”
e A is left-invertible with left inverse AT

e A has linearly independent columns: Ax =0 = ATAx =x =0

e Aistallorsquare:m > n

e if Aistallm > n, then A has no right inverse; in particular

AAT 1
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Matrix-vector product

if A € R™ " has orthonormal columns, then the linear function f(x) = Ax

e preserves inner products:
(A)7(Ay) =xTATAy =xTy
e preserves norms:
lAx] = ((Ax)T(4) " = ()2 = |1
e preserves distances: ||Ax — Ay|| = ||x — y||

e preserves angles:

(Ax)T(Ay) xTy
/(Ax, Ay) = arccos (— = arccos =/(x,y)
I Ax[[l| Ayl llxl Iyl
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Projection on range of matrix with orthonormal columns

suppose Q € R™*" has orthonormal columns g1, ..., qn
e Q= is called the orthogonal projection of b € R™ onto range(Q) if
|Ox = b|| < ||Qx —b|| forall x #x
i.e., it is the vector on range(Q) closest to b
e we next show & = QTb so that the orthogonal projection of b onto range(Q) is
00"
b

range(Q)
00"b
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Proof: the squared distance of b to an arbitrary point Qx in range(Q) is

10x = blI> = |Q(x — £) + Q% — b||* (where £ = Q7b)
= 10(x = )I1* + 1Q% - bII* +2(x - £) QT (Q% - b)
= lQ(x - )II* +11Q% - bl
= [lx - £[1* + 0% - b||?
> ||Q% - bl
with equality only if x = X
e line 3 follows because QT(Q% - b) =3 - QTb =0

e line 4 follows from QTQ = I

matrices with orthonormal columns
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Orthogonal decomposition
the vector b is decomposed as a sum b = y + z with
y € range(Q), z € range(Q)*

2=b-007Tp

e decomposition exists and unique for every b:
b=0x+z, 072=0 = x=07p, z=b-00"p
e zis orthogonal projection on range(Q)* = null(Q7) = {u | QTu = 0}

matrices with orthonormal columns
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e matrices with orthonormal columns
e orthogonal matrices

e Gram-Schmidt orthogonalization



Orthogonal matrix

a square real matrix with orthonormal columns is called orthogonal

Nonsingularity: if A is orthogonal, then

e A is invertible, with inverse AT:

ATA =1

, } = AAT=1
A is square

e ATis also an orthogonal matrix

e rows of A are orthonormal (have norm one and are mutually orthogonal)
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Example: rotation in a plane

rotation matrices are orthogonal

cosf —siné
sin 6 cos @

Rotation in a coordinate plane in R": for example,
cosf 0 —siné
A= 0 1 0

sinf 0 cosé

describes a rotation in the (x1, x3) plane in R3
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Example: permutation matrices

e permutation matrix is square with exactly one entry of each row/column is one

— an identity matrix with rows and columns interchanged
o letm = (my,mo,...,m,) be a permutation (reordering) of (1,2, ...,n)
e permutation matrix A,

Air, =1, Ay =0ifj#m

is orthogonal

e Ax is a permutation of the elements of x: Ax = (x,,l,x,,z, .. ,x,rn)

Proof
e ATA = I because A has one element equal to one in each row and column

n 1 i= j
ATA) = Ay =
( )” kgl kietki 0 otherwise

e AT = A~1is the inverse permutation matrix
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Example: permutation matrices

Example: permutation on {1, 2, 3,4}
(m1,mo, w3, m4) = (2,4,1,3)

e corresponding permutation matrix and its inverse

0100 0010
oo o0 1 4 _,r_ |1 000
A=t 000" A 7400 01

0010 0100

o ATis permutation matrix associated with the permutation
(71, 72, A3, 4) = (3,1, 4,2)

Matrix multiplication with permutation matrix

e |eft multiplying a matrix by a permutation matrix, will switch the corresponding rows

e right multiplying will switch the corresponding columns
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Product of orthogonal matrices

if A1, ..., Ag are orthogonal matrices and of equal size, then the product
A=A1Ay---Ag

is orthogonal:
ATA = (A1Ag--Ap) (A1 Ay Ap)
= AL ATATA Ay Ay
=1

orthogonal matrices
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Linear equation with orthogonal matrix

linear equation with orthogonal coefficient matrix A of size n X n
Ax=b

solution is
x=A"b=ATp

e can be computed in 2n? flops by matrix-vector multiplication

e cost is less than order n? if A has special properties; for example,

permutation matrix: 0 flops
plane rotation: order 1 flops
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Gram-Schmidt (G-S) procedure

given vectors a1, ...,a, € R™

step 1a. g1 := a1

step 1b. ¢1 := q1/l|q1| (normalize)
step 2a. g2 :=as — (qlTag)ql (remove g1 component from as)
step 2b. g2 := G2/||g2| (normalize)

step 8a. G3 := as — (gias)q1 — (g3as)ga  (remove g1, g2 components)

step 3b. g3 := g3/||gsll (normalize)
etc.
e g and gy are orthogonal to g1, ..., qk-1
e whenay,...,a, are independent, G-S produces orthonormal basis g1, . . ., qxn:
span(ay,...,ax) =span(qi,...,qr), k<n
e ifaj,...,ax_1 are independent, but ay, . .., ax are dependent, then gx =0
Gram-Schmidt orthogonalization 5.15



Interpretation

Gr = ax — q1(qiax) — q2(g3ar) = - = qr-1(q4_, ak)
=(I-q191 - 9293 — -+ — qk-1q7_,)ak
= ~-1[q1 92 - qr-1llq1 q2 - Qk—l]T)ak

this is the residual of ay after subtracting its orthogonal projection on

span(ai, as, ..., ak-1) = span(qi,qz2, ..., qx-1)
=range ([q1 g2 - qr-1])

N (gTas)q,
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Gram-Schmidt (G-S) algorithm

given vectors ay,...,a, € R™
set g1 = ai/llai]]
fork=2,...,n

1. orthogonalization:

Gr = ar — (qlar)qi — - — (g} ax)qx-1

2. test for linear dependence: if ¢ = 0 quit

3. normalization: qi = G /||l

Gram-Schmidt orthogonalization
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Example

-1 -1 1

1 3 3

ayp = _1l° ag = 1l as = 5
1 3 7

e k=1,]|la1|| =2and
g1 = ay/llarll = (-1/2,1/2,-1/2,1/2)
e k =2, wehave gTas = 4, and
G = az — (qiaz)q1 = (1,1,1,1)
normalizing, we get

q2 = G2/11921l = (1/2,1/2,1/2,1/2)

Gram-Schmidt orthogonalization
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e k = 3;we have q{ag =2 and 6[2Ta3 =8, so0

Gs = az — (qTaz)q1 — (glaz)g2 = (-2,-2,2,2)

normalizing, we get

g3 = q3/lIgsll = (-1/2,-1/2,1/2,1/2)

e since no vector ¢; is zero, the vectors a1, as, as are linearly independent
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