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Orthonormal vectors

the list 𝑚-vectors 𝑎1, 𝑎2, . . . , 𝑎𝑛 is orthonormal if

𝑎T𝑖 𝑎 𝑗 =

{
1 𝑖 = 𝑗

0 𝑖 ≠ 𝑗

• the vectors have unit norm: ∥𝑎𝑖 ∥ = 1 (called normalized)

• they are mutually orthogonal: 𝑎T
𝑖
𝑎 𝑗 = 0 if 𝑖 ≠ 𝑗

Examples

• standard unit 𝑛-vectors 𝑒1, . . . , 𝑒𝑛

• the three vectors 
0
0

−1

 ,
1
√
2


1
1
0

 ,
1
√
2


1

−1
0


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Orthonormal expansion

orthonormal 𝑛-vectors 𝑎1, . . . , 𝑎𝑛 are linearly independent, hence basis for R𝑛

• therefore, for any 𝑛-vector 𝑥,

𝑥 = 𝛽1𝑎1 + · · · + 𝛽𝑛𝑎𝑛 for some unique 𝛽𝑖

this is called orthonormal expansion of 𝑥 (in the orthonormal basis)

• multiplying by 𝑎T
𝑖

on left, we have 𝛽𝑖 = 𝑎T
𝑖
𝑥 and hence

𝑥 = (𝑎T1𝑥)𝑎1 + ··· + (𝑎T𝑛𝑥)𝑎𝑛
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Matrix with orthonormal columns

𝐴 ∈ R𝑚×𝑛 has orthonormal columns if its Gram matrix is the identity matrix:

𝐴T𝐴 =


𝑎T1𝑎1 𝑎T1𝑎2 · ·· 𝑎T1𝑎𝑛
𝑎T2𝑎1 𝑎T2𝑎2 · ·· 𝑎T2𝑎𝑛
... ... ...

𝑎T𝑛𝑎1 𝑎T𝑛𝑎2 · ·· 𝑎T𝑛𝑎𝑛

 =

1 0 · ·· 0
0 1 · ·· 0
... ... ...

0 0 · ·· 1


there is no standard short name for a “matrix with orthonormal columns”

• 𝐴 is left-invertible with left inverse 𝐴T

• 𝐴 has linearly independent columns: 𝐴𝑥 = 0 =⇒ 𝐴T𝐴𝑥 = 𝑥 = 0

• 𝐴 is tall or square: 𝑚 ≥ 𝑛

• if 𝐴 is tall 𝑚 > 𝑛, then 𝐴 has no right inverse; in particular

𝐴𝐴T ≠ 𝐼
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Matrix-vector product

if 𝐴 ∈ R𝑚×𝑛 has orthonormal columns, then the linear function 𝑓 (𝑥) = 𝐴𝑥

• preserves inner products:

(𝐴𝑥)T (𝐴𝑦) = 𝑥T𝐴T𝐴𝑦 = 𝑥T𝑦

• preserves norms:

∥𝐴𝑥∥ =
(
(𝐴𝑥)T (𝐴𝑥)

)1/2
= (𝑥T𝑥)1/2 = ∥𝑥∥

• preserves distances: ∥𝐴𝑥 − 𝐴𝑦∥ = ∥𝑥 − 𝑦∥

• preserves angles:

∠(𝐴𝑥, 𝐴𝑦) = arccos

(
(𝐴𝑥)T (𝐴𝑦)
∥𝐴𝑥∥∥𝐴𝑦∥

)
= arccos

(
𝑥T𝑦

∥𝑥∥∥𝑦∥

)
= ∠(𝑥, 𝑦)
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Projection on range of matrix with orthonormal columns

suppose 𝑄 ∈ R𝑚×𝑛 has orthonormal columns 𝑞1, . . . , 𝑞𝑛

• 𝑄𝑥 is called the orthogonal projection of 𝑏 ∈ R𝑚 onto range(𝑄) if

∥𝑄𝑥 − 𝑏∥ < ∥𝑄𝑥 − 𝑏∥ for all 𝑥 ≠ 𝑥

i.e., it is the vector on range(𝑄) closest to 𝑏

• we next show 𝑥 = 𝑄T𝑏 so that the orthogonal projection of 𝑏 onto range(𝑄) is

𝑄𝑄T𝑏

range(𝑄)

𝑄𝑄T𝑏

𝑏
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Proof: the squared distance of 𝑏 to an arbitrary point 𝑄𝑥 in range(𝑄) is

∥𝑄𝑥 − 𝑏∥2 = ∥𝑄(𝑥 − 𝑥) +𝑄𝑥 − 𝑏∥2 (where 𝑥 = 𝑄T𝑏)
= ∥𝑄(𝑥 − 𝑥)∥2 + ∥𝑄𝑥 − 𝑏∥2 + 2(𝑥 − 𝑥)T𝑄T (𝑄𝑥 − 𝑏)
= ∥𝑄(𝑥 − 𝑥)∥2 + ∥𝑄𝑥 − 𝑏∥2

= ∥𝑥 − 𝑥∥2 + ∥𝑄𝑥 − 𝑏∥2

≥ ∥𝑄𝑥 − 𝑏∥2

with equality only if 𝑥 = 𝑥

• line 3 follows because 𝑄T (𝑄𝑥 − 𝑏) = 𝑥 −𝑄T𝑏 = 0

• line 4 follows from 𝑄T𝑄 = 𝐼
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Orthogonal decomposition

the vector 𝑏 is decomposed as a sum 𝑏 = 𝑦 + 𝑧 with

𝑦 ∈ range(𝑄), 𝑧 ∈ range(𝑄)⊥

range(𝑄)

𝑦 = 𝑄𝑄T𝑏

𝑧 = 𝑏 − 𝑄𝑄T𝑏

𝑏

• decomposition exists and unique for every 𝑏:

𝑏 = 𝑄𝑥 + 𝑧, 𝑄T𝑧 = 0 ⇐⇒ 𝑥 = 𝑄T𝑏, 𝑧 = 𝑏 −𝑄𝑄T𝑏

• 𝑧 is orthogonal projection on range(𝑄)⊥ = null(𝑄T) = {𝑢 | 𝑄T𝑢 = 0}
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Outline

• matrices with orthonormal columns

• orthogonal matrices

• Gram-Schmidt orthogonalization



Orthogonal matrix

a square real matrix with orthonormal columns is called orthogonal

Nonsingularity: if 𝐴 is orthogonal, then

• 𝐴 is invertible, with inverse 𝐴T:

𝐴T𝐴 = 𝐼

𝐴 is square

}
=⇒ 𝐴𝐴T = 𝐼

• 𝐴T is also an orthogonal matrix

• rows of 𝐴 are orthonormal (have norm one and are mutually orthogonal)
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Example: rotation in a plane

rotation matrices are orthogonal

𝐴 =

[
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

]
𝑥

𝐴𝑥

𝜃

Rotation in a coordinate plane in R𝑛: for example,

𝐴 =


cos 𝜃 0 − sin 𝜃
0 1 0

sin 𝜃 0 cos 𝜃


describes a rotation in the (𝑥1, 𝑥3) plane in R3
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Example: permutation matrices

• permutation matrix is square with exactly one entry of each row/column is one
– an identity matrix with rows and columns interchanged

• let 𝜋 = (𝜋1, 𝜋2, . . . , 𝜋𝑛) be a permutation (reordering) of (1, 2, . . . , 𝑛)

• permutation matrix 𝐴,

𝐴𝑖 𝜋𝑖 = 1, 𝐴𝑖 𝑗 = 0 if 𝑗 ≠ 𝜋𝑖

is orthogonal

• 𝐴𝑥 is a permutation of the elements of 𝑥: 𝐴𝑥 = (𝑥𝜋1
, 𝑥𝜋2

, . . . , 𝑥𝜋𝑛 )

Proof

• 𝐴T𝐴 = 𝐼 because 𝐴 has one element equal to one in each row and column

(𝐴T𝐴)𝑖 𝑗 =
𝑛∑

𝑘=1

𝐴𝑘𝑖𝐴𝑘 𝑗 =

{
1 𝑖 = 𝑗

0 otherwise

• 𝐴T = 𝐴−1 is the inverse permutation matrix
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Example: permutation matrices

Example: permutation on {1, 2, 3, 4}

(𝜋1, 𝜋2, 𝜋3, 𝜋4) = (2, 4, 1, 3)

• corresponding permutation matrix and its inverse

𝐴 =


0 1 0 0
0 0 0 1
1 0 0 0
0 0 1 0

 , 𝐴−1 = 𝐴T =


0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0


• 𝐴T is permutation matrix associated with the permutation

(𝜋1, 𝜋2, 𝜋3, 𝜋4) = (3, 1, 4, 2)

Matrix multiplication with permutation matrix

• left multiplying a matrix by a permutation matrix, will switch the corresponding rows

• right multiplying will switch the corresponding columns
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Product of orthogonal matrices

if 𝐴1, . . . , 𝐴𝑘 are orthogonal matrices and of equal size, then the product

𝐴 = 𝐴1𝐴2 · ··𝐴𝑘

is orthogonal:
𝐴T𝐴 = (𝐴1𝐴2 · ··𝐴𝑘)T (𝐴1𝐴2 · ··𝐴𝑘)

= 𝐴T𝑘 · ··𝐴
T
2𝐴

T
1𝐴1𝐴2 · ··𝐴𝑘

= 𝐼
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Linear equation with orthogonal matrix

linear equation with orthogonal coefficient matrix 𝐴 of size 𝑛 × 𝑛

𝐴𝑥 = 𝑏

solution is
𝑥 = 𝐴−1𝑏 = 𝐴T𝑏

• can be computed in 2𝑛2 flops by matrix-vector multiplication

• cost is less than order 𝑛2 if 𝐴 has special properties; for example,

permutation matrix: 0 flops
plane rotation: order 1 flops

SA — ENGR504orthogonal matrices 5.14



Outline

• matrices with orthonormal columns

• orthogonal matrices

• Gram-Schmidt orthogonalization



Gram-Schmidt (G-S) procedure

given vectors 𝑎1, . . . , 𝑎𝑛 ∈ R𝑚

step 1a. 𝑞1 := 𝑎1

step 1b. 𝑞1 := 𝑞1/∥𝑞1∥ (normalize)

step 2a. 𝑞2 := 𝑎2 − (𝑞T1𝑎2)𝑞1 (remove 𝑞1 component from 𝑎2)

step 2b. 𝑞2 := 𝑞2/∥𝑞2∥ (normalize)

step 3a. 𝑞3 := 𝑎3 − (𝑞T1𝑎3)𝑞1 − (𝑞T2𝑎3)𝑞2 (remove 𝑞1, 𝑞2 components)

step 3b. 𝑞3 := 𝑞3/∥𝑞3∥ (normalize)

etc.

• 𝑞𝑘 and 𝑞𝑘 are orthogonal to 𝑞1, . . . , 𝑞𝑘−1

• when 𝑎1, . . . , 𝑎𝑛 are independent, G-S produces orthonormal basis 𝑞1, . . . , 𝑞𝑛:

span(𝑎1, . . . , 𝑎𝑘) = span(𝑞1, . . . , 𝑞𝑘), 𝑘 ≤ 𝑛

• if 𝑎1, . . . , 𝑎𝑘−1 are independent, but 𝑎1, . . . , 𝑎𝑘 are dependent, then 𝑞𝑘 = 0
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Interpretation

𝑞𝑘 = 𝑎𝑘 − 𝑞1 (𝑞T1𝑎𝑘) − 𝑞2 (𝑞T2𝑎𝑘) − ··· − 𝑞𝑘−1 (𝑞T𝑘−1𝑎𝑘)
= (𝐼 − 𝑞1𝑞

T
1 − 𝑞2𝑞

T
2 − ··· − 𝑞𝑘−1𝑞

T
𝑘−1)𝑎𝑘

= (𝐼 − [𝑞1 𝑞2 · ·· 𝑞𝑘−1] [𝑞1 𝑞2 · ·· 𝑞𝑘−1]T)𝑎𝑘

this is the residual of 𝑎𝑘 after subtracting its orthogonal projection on

span(𝑎1, 𝑎2, . . . , 𝑎𝑘−1) = span(𝑞1, 𝑞2, . . . , 𝑞𝑘−1)
= range ( [𝑞1 𝑞2 · ·· 𝑞𝑘−1])

𝑎1

𝑎2

𝑞1 (𝑞T1𝑎2)𝑞1

𝑞2

𝑞2
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Gram-Schmidt (G-S) algorithm

given vectors 𝑎1, . . . , 𝑎𝑛 ∈ R𝑚

set 𝑞1 = 𝑎1/∥𝑎1∥
for 𝑘 = 2, . . . , 𝑛

1. orthogonalization:

𝑞𝑘 = 𝑎𝑘 − (𝑞T1𝑎𝑘)𝑞1 − · · · − (𝑞T𝑘−1𝑎𝑘)𝑞𝑘−1

2. test for linear dependence: if 𝑞𝑘 = 0 quit

3. normalization: 𝑞𝑘 = 𝑞𝑘/∥𝑞𝑘 ∥
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Example

𝑎1 =


−1
1

−1
1

 , 𝑎2 =


−1
3

−1
3

 , 𝑎3 =


1
3
5
7


• 𝑘 = 1, ∥𝑎1∥ = 2 and

𝑞1 = 𝑎1/∥𝑎1∥ = (−1/2, 1/2,−1/2, 1/2)

• 𝑘 = 2, we have 𝑞T1𝑎2 = 4, and

𝑞2 = 𝑎2 − (𝑞T1𝑎2)𝑞1 = (1, 1, 1, 1)

normalizing, we get

𝑞2 = 𝑞2/∥𝑞2∥ = (1/2, 1/2, 1/2, 1/2)
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• 𝑘 = 3; we have 𝑞T1𝑎3 = 2 and 𝑞T2𝑎3 = 8, so

𝑞3 = 𝑎3 − (𝑞T1𝑎3)𝑞1 − (𝑞T2𝑎3)𝑞2 = (−2,−2, 2, 2)

normalizing, we get

𝑞3 = 𝑞3/∥𝑞3∥ = (−1/2,−1/2, 1/2, 1/2)

• since no vector 𝑞𝑖 is zero, the vectors 𝑎1, 𝑎2, 𝑎3 are linearly independent
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