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Subspace

a nonempty subset V of R is a subspace if

ax+ By eV forallvectorsx,y € Vanda,B € R

e all linear combinations of elements of V are in V
e V is nonempty and closed under scalar multiplication and vector addition

e geometrically, a subspace is a flat (plane) that passes through the origin

Examples
e {0}, R™

e the span of a set S C R™: all linear combinations of elements of S
span(S) = {Brai + -+ +Prar | ay,...,ax € S, B1,....Bx € R}
if S ={a,...,a,} is afinite set, we write span(S) = span(az,...,a,)

(the span of the empty set is defined as {0})

subspaces
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Operations on subspaces

three common operations on subspaces (V and ‘W are subspaces)

Sum and intersection (the result of these operations is a subspace)

e ntersection:
VNnW={x|xeV,xeW}

o sum:
V+W={x+y|lxeV,ye W}

if ¥V N W = {0} this is called the direct sum and written as V & W
Orthogonal complement
Vt={x|yx=0forally eV}

e set of all vectors x, each of which is orthogonal to every vector in V

o always a subspace even if V is not

subspaces 4.3



Range of a matrix

suppose A is an m X n matrix with columns ay, ..., a, androws b, ... bT:

by

A=lay - ap]=|:
by,
Range (column space): the span of the column vectors (a subspace of R™)
range(A) = span(az, ..., d,)
={x1a1 + - +xpa, | x € R"}
={Ax | x e R"}

the row space of A is the range of AT (a subspace of R"):

range(AT) = span(b1, ..., b,)
={yibi+ - +ymbm | y € R™}
={ATy|yeR™}

subspaces
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Nullspace of a matrix

suppose A is an m X n matrix with columns a1, . . ., a, and rows blT, R bg;:
by
A=lar -~ az]=|:
by,
Nullspace: the set of all vectors x mapped into zero by A (a subspace of R")
null(A) = {x e R" | Ax =0}
={xeR"|bIx = =blx =0} =range(AT)*

e this is the orthogonal complement of the row space
e gives ambiguity in x given y = Ax (y = Ax = A(x + X) for any x € null(A))
e nullspace of AT is the orthogonal complement of range(A) (a subspace of R™)

null(A7) = range(A)* = {y e R™ | aly = --- =aly =0}
={yeR™|ATy=0}
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Example

e the range is simply Ax:

1 0 X1
range| | 1 2 =14 |x1+2x2| | x1,x0 €R
0 -1 —X2
e the nullspace is computed by solving Ax = 0:
1 2 -1 2| |
null 9 4 —o|]= span 11,10
0] (1

to see this, solve for Ax = 0:
X1+2x9—x3=0 = x;=-2x9+x3

letting xo = s and x3 =, we get:

X1 -2 1
x=|xol=s]| 1| +1¢]0
X3 0 1
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Exercise

e directed graph with m nodes (vertices), n directed edges (arcs)

e node-arc incidence matrixis m X n matrix A with
1 if edge j points to node i
A;; ={-1 if edge j points from nodei
0 otherwise

O O = =
_ o O =

describe in words the subspaces null(A) and range(A7)

subspaces
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Linearly independent vectors

the set of vectors a1, . . ., a, is linearly independent if

X1a1 +xea2+ - +xpa, =0 = x1=x9=--=x,=0

i.e., the zero vector cannot be written as a nontrivial linear combination of a1, . ..

e in matrix-vector notation with a; the ith column of A:
Ax=0 = x=0
® ai,...,ay,is linearly dependent if there exist x1, . . ., x,,, not all zero, with
Ax =x1a1 +x9a9 + - + xpa, =0
e a set of a single vector is linearly independent only if the vector is nonzero

e linear (in)dependence is a property of the set of vectors {a1, ..., a,}

by convention, the empty set is linearly independent

independence, basis, dimension

»Un
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Example

e the vectors
a; =(0.2,-7,8.6), as=(-0.1,2,-1), as=(0,-1,2.2)
are linearly dependent since
0=ai +2as — 3asz
e the vectors
a; =(1,-2,0), as=(-1,0,1), az3=1(0,1,1)
are linearly independent:
X1 — X2

X1d1 +Xoa9 + X343 = —2x1 + X3 =O:>X1 =X9 = X3 =0
Xo + X3

independence, basis, dimension 4.9



Independent dimension inequality

if n vectors ay, as, ..., a, of size m are linearly independent, then
n<<m

i.e., the number of linearly independent vectors cannot be larger than their size

e if an m X n matrix has linearly independent columns thenm > n

o if A is wide (n > m), then its columns are linearly dependent:
the homogeneous equation Ax = 0 has nontrivial solutions (x # 0)

e if an m X n matrix has linearly independent rows then m < n

o if Aistall (m > n), then its rows are linearly dependent

independence, basis, dimension
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Basis of a subspace

{v1,...,vx} is a basis for the subspace V if two conditions are satisfied:

1. V =span(vy,...,0)

2. v1,...,VU are linearly independent

e condition 1 means that every x € ‘V can be expressed as
x = pror+ -+ Prok
e condition 2 means that the coefficients 51, . . ., Bx are unique:

X =By + - + Brug

= (B1—y1)v1 + -+ (Bk = yr)v
X:7’101+"'+)’kvk} (B1 —y1u1 (Br = vi)vk

:ﬁ1=71, ey Bkz)’k

independence, basis, dimension
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Basis of R”

any set of n linearly independent n-vectors a1, . . ., a, is a basis for R"

e any b € R" can be expressed as a linear combination of them:
b=pia1+ -+ Bpa, forsome Bi,...,0n
and these coefficients are unique
e formula above is called expansion of b inthe aq, . .., a, basis
e example: eq, ..., e, is a basis, expansion of b is

b=>bie1+ - +bue,

independence, basis, dimension
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Example: single period loans

e consider cash flows over n periods

e define the single-period loan cash flow n-vectors as

0;-1
1
-(1+r) |
On—i—l

li =

where r > 0 is the per-period interest rate
e [; represents a $1 loan in period i, paid back in period i + 1 with interest r
e scaling /; changes the loan amount

e vectors eq,1,...,[,_1 are a basis of R"

independence, basis, dimension
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Example: single period loans

e to see this observe
B1+ B2
Bz = (1+71)p2
Brer +Bali+ -+ Buly1 = : =0
Bn—(L+r)Br
_(1+r)ﬂn

e working backward gives 51 = =8, =0
e this means that any cash flow n-vector ¢ can be expressed as
c=ayey +asli + - +aul,_1

e it can be shown that
2 s Cn
1+r (1 +r)n-1

is the net present value (NPV) of the cash flow, with interest rate r

] =cCy+

e this means that any cash flow can be replicated as an income in period 1 equal to
its NPV, plus a linear combination of one-period loans at interest rate r

independence, basis, dimension 4.14



Extension of dimension inequality

e let {v1,...,vr} be abasis for a subspace V C R™
e ifay,...,a, are linearly independent vectors in V', thenn < k
e this improves the dimension inequality (n < m) on page 4.10

Proof

e each a; can be expressed as a linear combination of the basis vectors:

ay =Bxy, as=Bxy, ..., a,=Bx,
for some k-vectors x1, . .., Xx,, where B isthe m X k matrix B = [v1 -+ vg]
e the k-vectors x1, . . ., x, are linearly independent:

,81)(1 + .- +ﬂl)€n =0= B(,81x1 + .- +,81x,,) 2,31611 + .- +ﬂlan =0
= Bi= = =0

e by the dimension inequality of page 4.10, this implies n < k

independence, basis, dimension 4.15



Dimension of a subspace

e every basis of a subspace V contains the same number of vectors

e this number is called the dimension of V, denoted dim (V)

Proof: consider two bases of V

{v1, ..., 06}, {wy,...,w}
from previous page,
e [ < k, because w1, ..., w; are linearly independent and {v1, ..., v} is a basis
e k < Ibecause vy,..., U are linearly independent and {w1, . .., w; } is a basis

therefore k = [

independence, basis, dimension
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Completing a basis

let V be a subspace in R™

e suppose {v1,...,v;} C Vis alinearly independent set (possibly empty)
e then there exists a basis of V of the form {v1,...,vj, 041, ..., 0k}

e we complete the basis by adding the vectors vj;1, ..., vk

Proof

o if{vy,..., uj} is not already a basis, its span is not V

e then there exist vectors in ‘V that are not linear combinations of v, . . ., v

e choose one of those vectors, call it vj,1, and add it to the set
e the set {v1,...,vj41} is alinearly independent subset of V with j + 1 elements
e repeat this process until it terminates

e it terminates because a linearly independent set in R™ has at most m elements
Consequence: every subspace of R has a basis

independence, basis, dimension 417
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Rank of a matrix
Rank: the rank of a matrix is the dimension of its range
rank(A) = dim(range(A))

this is also the maximal number of linearly independent columns

Example: a 4 X 4 matrix with rank 3

1 -1 3 1
-1 2 0 0
A:[al dog ds a4]= 1 -1 3 0
-1 2 0 1

{a1} is linearly independent (a; is not zero)

{a1, a2} is linearly independent

{a1, as, as} is linearly dependent: ag = 6a1 + 3as

{a1, as, a4} is a basis for range(A): linearly independent and spans range(A)

rank of a matrix 4.18



Rank of transpose

the rank of a matrix is equal to the rank of its transpose:
rank(AT) = rank(A)

(proof given on next page)

e column space (range) of a matrix has the same dimension as its row space:
dim(range(AT)) = dim(range(A))

e max no. of linearly independent columns = max no. of linearly independent rows

rank of a matrix 4.19



Proof
let A =[a; ... a,| bean m X n matrix with rank(A) = r
e then there are r linearly independent column vectors, denoted by b1, ..., b,
e we have a; = Bc; for some vector ¢; where B = [by --- b, ] is an m X r matrix
e in matrix notation, A = BC where C = [c¢1 -+ ¢,;] is an r X n matrix
e implies that every row of A is a linear combination of the rows of C and
rank(AT) < r = rank(A)
e now suppose A has p linearly independent rows
e repeating similar argument for AT, we get
rank(A) < p = rank(A7)

the previous two inequalities hold only when p = r, i.e., rank(A) = rank(A7)

rank of a matrix 4.20



Full rank matrices

for any m X n matrix
rank(A) < min{m, n}

Full rank: A has full rank if rank(A) = min{m, n}
Full column rank: A has full column rank if rank(A) = n

e A has linearly independent columns

e must be tall or square

Full row rank: A has full row rank if rank(A) = m
e A has linearly independent rows

e must be wide or square

rank of a matrix 4.21



Rank of product

let A be m X p matrix and B is p X n matrix, then,

rank(AB) < min{rank(A), rank(B)}

Proof

e we have range(AB) C range(A), so
rank(AB) < rank(A)
e using this, we also have
rank(AB) = rank(BTAT) < rank(BY) = rank(B)

e hence, the inequality holds

rank of a matrix
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Rank-r matrix in factored form

let A be an m X n matrix with rank r, then it can be factored as

A=BC

e Bis m X r with linearly independent columns (full column rank)

e (Cisr X n with linearly independent rows (full row rank)

e this is called a full-rank factorization of A

e proof shown on next page

— can also be shown using QR factorization or SVD (discussed later)

o we will see that the converse is true (shown on page 4.45)

rank of a matrix 4.23



Proof

let A= [a; ... a,] be an m X n matrix with rank(A) = r

then there are r linearly independent column vectors, denoted by b1, ..., b,
so a; = Bc; for some vector ¢; where B = [by -+ b,-] is an m X r matrix

in matrix notation, A = BC where C = [c1 -+ ¢,,] is an r X n matrix
observe that r = rank(A) = rank(BC) < rank(C) <r

so we must have rank(C) = r

rank of a matrix 4.24



Low-rank matrix

an m X n matrix has low rank if
rank(A) < min{m, n}
if r = rank(A) < min{m, n}, a factorization
A=BC (with B € R™" and C € R™")
gives an efficient representation of A
e memory: B and C have r(m + n) entries, compared with mn for A
o fast matrix-vector product: computing y = Ax as
y = B(Cx)

require 2r(m + n) flops compared with 2mn for general product y = Ax

rank of a matrix
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Low-rank approximation

(approximate) low-rank representations
A=~ BC

are useful in many applications

Singular value decomposition (SVD)
finds the best approximation (in Frobenius norm or 2-norm) of a given rank

Heuristic algorithms

less expensive than SVD but not guaranteed to find a best approximation

Optimization algorithms
can handle certain constraints on B, C (for example, entries must be nonnegative)

rank of a matrix 4.26
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Left and right inverse
let A be an m X n matrix

Left inverse: X is a left inverse of A if
XA =1
A is left-invertible if it has at least one left inverse
Right inverse: X is a right inverse of A if
AX =1
A is right-invertible if it has at least one right inverse

Immediate properties

e a left or right inverse of an m X n matrix must have size n X m

e X is a left (right) inverse of A if and only if XTisa right (left) inverse of AT

inverses of a matrix 4.27



Examples

e A is left-invertible; the following matrices are left inverses:

1[-11 -10 16 0 -1/2 3
9| 7 8 -11|° |0 1/2 -2

e B is right-invertible; the following matrices are right inverses:

oo 10 1 -1
| 11, (o 1], [0 O
21 1 0 0 0 1

e for n-vector a (n X 1 matrix), x = (1/al~)el.T is left inverse for any i with a; # 0

inverses of a matrix
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Column and row independence
Left inverse: A is left-invertible iff rank (A) = n (columns are linearly independent)
e to see this: CA = I then
Ax=0= C(Ax) = (CA)x=x=0

e the converse is also true (shown later)

e |eft-invertible matrices are tall or square (by dimension inequality)

Right inverse: A is right-invertible iff rank (A) = m (rows are linearly independent)
e A is right-invertible if and only if A7 is left-invertible:
AX =] = (AX\)T=1 = XxTAT=

e hence, A is right-invertible if and only if its rows are linearly independent

e right-invertible matrices are wide or square

inverses of a matrix 4.29



Inverse

if A has a left and a right inverse, then they are equal and unique:

XA=1, AY=1 = X=X(AY)=(XA)Y=Y

e in this case, we call X =Y the inverse of A, denoted A™! (AA~!

e A is called invertible if its inverse exists

e invertible matrices must be square

Properties

e (AB)~! = B~'A~! (provided inverses exist)

e negative matrix powers: (A

with A? = I, identity A¥A! =

inverses of a matrix

(AN = (AT (denoted A~ T)
~1)k = (A¥)~1 (denoted A~K)

A** holds for any integers k,

=A"tA=]
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Examples

inverse of identity is simply the identity /=1 = I
A = diag(ay,...,ap) hasinverse A = diag(5-, ..., 5-) ifand only if a; # 0

2 X 2 matrix A is invertible if and only A11Ags # A19A2;

AL = 1 Ay —Aja
A11A2 — A1pAs | A1 An
a non-obvious example:
1 -2 3 1 0 -20 -10
A=| 0 2 2|, Al= % -6 5 =2
-3 -4 -4 6 10 2

verified by checking AA™' = TorA™'A =1

inverses of a matrix 4.31



Nonsingular matrix

for a square matrix A the following properties are equivalent
1. A s left-invertible
2. the columns of A are linearly independent
— implies null(A) = {0}, and since A is square, range(A) = R"
3. A is right-invertible

4. the rows of A are linearly independent

e a square matrix A satisfying the above is called nonsingular (= invertible)

— these properties imply that A is invertible if and only if rank(A) = n

e otherwise, the matrix is singular (= non-invertible)

inverses of a matrix
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Proof
weshow1 =2 =3 =>4=1
o if A is left-invertible with left inverse B, then
Ax=0 = BAx=0 = x=0
so the columns of A are linearly independent

e if columns of A are L.i., then they form a basis for R" and there exist solutions to
Ax1=e1,...,Ax, =¢, — AX=1
hence, A is right-invertible
e apply same argument to ATto showif A is right-invertible then its rows are L.i.

e apply same argument to AT to show if A has Li. rows then A is left-invertible

inverses of a matrix 4.33



Examples

Lo a1
A=|-1 1 1|, B=| | | | |
1 1 -1

-1 -1 1 1
e A is nonsingular because its columns are linearly independent:
Xl—X2+X3=0, —X1+)C2+)C3=0, X1+)C2—)C3=0
is only possible if x;1 = xo =x3 =0
e B is singular because its columns are linearly dependent:

Bx=0forx=1=(1,1,1,1)

inverses of a matrix
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Example: Vandermonde matrix

1o 2 - it

1ty 12 ol
A- 2 R

1 t, 12 Pl

the Vandermonde matrix is nonsingular if ¢; # #; fori # j

Proof

e Ax =0 implies p(t1) = p(t2) = --- = p(t,) = 0 where
p(t) = X1 + Xot + X317 + - +x,8" 7!

p(t) is a polynomial of degree n — 1 or less

e forx # 0, p(t) can not have more than n — 1 distinct real roots

e therefore p(t1) = --- = p(t,) = 0is only possible if x = 0

inverses of a matrix
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Linear equations and matrix inverses

Left inverse: if X is a left inverse of A, then

Ax=b — x=XAx=Xb

e if there is a solution, it must be equal to Xb

e if A(Xb) # b, then there is no solution

Right inverse: if X is a right inverse of A, then

x=Xb = Ax=AXb=b>

e there is at least one solution: x = Xb for any b

e there can be other solutions

Inverse: if A is invertible, then x = A™1b is the unique solution to Ax = b

inverses of a matrix 4.36



Linear equations and rank

for A € R™*" the linear equation Ax = b has a solution if and only if
rank A = rank[A b]

e implies that b € range(A) (system called consistent):
b can be expressed as a linear combination of columns of A

e no solution exists if b ¢ range(A) (inconsistent)

Cases for solution existence

e a solution exists for any b iff rank A = m (implies range(A) = R™)

e unique solution if and only if rank A = rank[A b] = n
— this implies b € range(A) and the columns of A are lin. indep (null(A) = {0})

— a unique solution exists for any b if and only if A is nonsingular

e infinitely many solutions if and only if rank A = rank[A b] < n
— this implies b € range(A) and the null(A) is nonempty

— infinitely many solutions for any b if and only if rank A =m < n

inverses of a matrix
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Example: polynomial interpolation

e let’s find coefficients of a cubic polynomial
p(1) = 1 + cof + c3t® + cyf®
that satisfies
p(-1.1) = b1, p(-0.4)=b2, p(0.1) =b3, p(0.8)=by
e write as Ac = b, with
-1.1 (-1.1)2 (-1.1)3
-04 (-0.4)%2 (-0.4)3

0.1 (0.1)2 (0.1)3
0.8 (0.8)2 (0.8)°

—_ = = =

inverses of a matrix 4.38



e (unique) coefficients given by ¢ = A~1b, with

-0.0370  0.3492  0.7521 -0.0643
0.1388 -1.8651  1.6239  0.1023
0.3470  0.1984 -1.4957  0.9503

-0.5784  1.9841 -2.1368 0.7310

ATl =

® S0, e.g., ¢1 is not very sensitive to by or by
e first column A~ le; gives coefficients of polynomial that satisfies
p(-1.1)=1, p(-0.4)=0, p(0.1)=0, p(0.8)=0

called (first) Lagrange polynomial associated with the point —1.1

inverses of a matrix 4.39



Lagrange polynomials associated with points —1.1, -0.4,0.2,0.8

p(x) p(x)

inverses of a matrix
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Gram matrix

the Gram matrix associated with A = [a1 -+ a,,] € R"™*" (with columns a;) is

T T T

aja; ajaz - ajdy
T T T

asay asas - asa,
ATA = 2 2 2
T T T

a,ay aas - a,an

Nonsingular Gram matrix: ATA is nonsingular iff A has linearly indep. columns
e suppose A has linearly independent columns (rank(A) = n):
ATAx =0 = xTATAx = (Ax)T(Ax) = |Ax|I’ =0 = Ax=0=x =0
thus ATA is nonsingular
e assume columns of A are linearly dependent, then
thereexists x #0, Ax =0 = ATAx =0
therefore ATA is singular

pseudo-inverse 4.41



Pseudo-inverse of matrix with independent columns

e suppose A € R™ " has linearly independent columns

e this implies that A is tall or square (m > n)
Pseudo-inverse
AT = (ATA) AT
e this matrix exists, because the Gram matrix ATA is nonsingular

e A'isaleftinverse of A:
ATA = (ATA) 1 (ATA) =1

e reduces to the inverse when A is square

pseudo-inverse
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Pseudo-inverse of matrix with independent rows

e suppose A € R™*" has linearly independent rows

e this implies that A is wide or square (m < n)

Pseudo-inverse
AT = AT(AAT)?

AT has linearly independent columns

hence its Gram matrix AAT is nonsingular, so AT exists

Al is a right inverse of A:

AAT = (AADY(AADY L =1

e reduces to the inverse when A is square

pseudo-inverse 4.43



Summary

Left invertible: the following properties are equivalent for a real matrix A € R"*"
1. A is left-invertible
2. the columns of A are linearly independent (and null(A) = {0})

3. ATA is nonsingular

(1 = 2 from page 4.29, 2 & 3 from page 4.41, 3 = 1 since Alisa left-inverse)

Right invertible: the following properties are equivalent for a real matrix A
1. A is right-invertible
2. the rows of A are linearly independent (and range(A) = R™)

3. AATis nonsingular

pseudo-inverse 4.44



Full rank factorization

suppose that
A =BC

e Bis m X r with linearly independent columns (full column rank)

e (Cisr X n with linearly independent rows (full row rank)

then the matrix A has rank r
e range(A) C range(B): each column of A is a linear comb. of columns of B
e range(B) C range(A):
y=Bx = y=B(CD)x=A(Dx)
where D is a right inverse of C (for example, D = CT)
e therefore range(A) = range(B) and rank(A) = rank(B)
e but the columns of B are linearly independent, so rank(A) = rank(B) = r

pseudo-inverse
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Pseudo-inverse of rank-deficient matrices
suppose A is m X n with rank r and full-rank factorization
A =BC
e Bis m X r with linearly independent columns; its pseudo-inverse is defined as
B" = (BTB)"'BT
e (Cisr X n with linearly independent rows; its pseudo-inverse is defined as
ct=cTcchH!
the pseudo-inverse of A is defined as
AT =C'BT
e this extends the definition of pseudo-inverse to matrices that are not full rank
e AT is also known as the Moore-Penrose (generalized) inverse

pseudo-inverse



Uniqueness

A" = CTBT is unique and does not depend on the particular factorization A = BC
e suppose A = BC is another rank factorization

the columns of B and B are two bases for range(A); therefore

B = BM for some nonsingular r X r matrix M

hence BC = BC = BMC; multiplying with B on the left shows that C = MC

the pseudo-inverses of B = BM and C=M"1Care

B'= BB 'BT=MY(BTB)"'BT= M~ 'B'

and
ct=cficchHht=cficchH'm=c'm

we conclude that C*'BY = cTMM 1Bt = CTB?

pseudo-inverse
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Example: pseudo-inverse of diagonal matrix

e the rank of a diagonal matrix A is the number of nonzero diagonal elements

e pseudo-inverse A isthe diagonal matrix with

(AT)ii _ {1/Aii if Aj; #0

0 if A;; =0
Example
-1 0 0 0 -1 0 0 0
_ 0 2 0 0 v 0 1/2 0 0
A= 0 0 O 0’ Al= 0 0 0 0
0 0 0 -3 0 0 0 -1/3
this follows, for example, from the factorization A = BC with
1o D00 o
B = 5 C = 0 2 0 0
000 00 0 -3
0 0 1

pseudo-inverse 4.48
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