ENGR 308 (Fall 2025) S. Alghunaim

9. Numerical differentiation

o finite difference formulas
e Richardson extrapolation

e derivatives of unequally spaced data
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Forward difference differentiation formula

e forward Taylor series expansion at x;41 = x; + h about x;:

f(xis1) = f(x) + ' (xi)h + @hz

e solving for the derivative:

fxiv) = f(x) f”()

- h+0(h?) (9.1)

fl(xi) =

e truncating higher-order terms gives:
)

f/(xi) ~ f(xi+1)h_ f(-xi)

error O(h)
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Backward difference differentiation formula

derivative backward approximation

<2, &NM

£ ~ f(x) —hf(xiq) 73

error O(h)

follows from backward Taylor series expansion at x;_1 = x; — h about x;

f,,(xl)

fxiz1) = f(xi) = f/(xi)h +
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Centered difference differentiation formula

derivative centered difference approximation

S (i) = fxi-1)

f(xi) = 57 error  O(h?)
x,‘, ‘ x,‘,‘ x
()
follows by subtracting
17 X;

Fxinn) = £+ f G+ L0

from .,
S (xl)

Jxiz1) = fx) = f/(x)h +

finite difference formulas 9.4



Improved forward difference formula

e high-accuracy divided-difference formulas can be generated by including
additional terms from the Taylor series

e Taylor series at x;.o0 = x; + 2h about x;:

£ e,

f(xiv2) = f(xi) + f(xi)(2h) +
e subtracting from 2 times

f,,(xt)

J(xisa) = f(xi) + f (xi)h +

gives

P () ~ f(xiz2) = 2fh(2xi+1) +f(xi)’ error O(h)

this is a second derivative approximation
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Improved forward difference formula

substitute into (9.1) gives

J(xivn) = f(xi) [ rive) = 2f (xie1) + f(x0)
h 2h?

f'(xi) = h+O(h?%)

collecting terms:

—f (Xix2) +4f (xi41) = 3f(x;)
2h

f(xi) = +0(K?)

accuracy improved to O (h?)

similar formulas can be developed for backward and centered differences

useful for estimating derivatives with greater accuracy from discrete data
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Forward finite-divided-difference formulas

First derivative _ _
f (i) = L2 G - on)

f,(xi) — _f(xi+2)+4f2(;;i+1)_3f(xi)’ O(hz)

Second derivative

f”()C') — f(xi+2)_2f(xi+1)+f(xi) , O(/’l)

f" ()C ) _ (x,+3)+4f(xl+2) 5f (xix1)+2f (xi) , O(/’l2)

Third derivative

f(3) (xi) — f(xi+3)_3f(xi+2h);'3f(xi+l)_f(xi) , O(h)
f(3) (xi) = —3f(xi+4)+14f(xi+3)—2§£§xi+2)+18f(xi+1)—5f(xi) i 0(h2)

Fourth derivative

f(4) (Xi) — f(xi+4)_4f(xi+3)+6f}£iﬁ'+2)_4f(xi+1)+f(xi) , O(l’l)

f(4) (xi) = _Qf(xHS)+11f(xi+4)_24f(xi+24)1+26f(xi+2)_14f(xi+1)+3f(xi) . 0(h?)
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Backward finite-divided difference formulas

First derivative _ _
f(x) = f(xl)—i{(xlq) . O

f(xi) = 3f(Xi)—4f(;;l—1)+f(xifz)’ O(h2)

Second derivative

f”(-xi) — .f'<xi)_2f();lt'2—1)+f'(xi—2) , O(I’l)

' (xi) = Qf(xi)*5f(/\’i—1)]':§f(xi—2)*f(xi—e,) , O(hz)

Third derivative

f(3) (x;) = f(xi)—3f(xi—1)233f(xi—2)—f(xi73) ., O(h)
F® () = 5f(xi)_18f(xi71)+24f(2)‘;l;2)_14f(xi—3)+3f(xi—4) . O(h?)

Fourth derivative

f(4) (x;) = f(xi)—4f(xi—1)+6f(xé;2)—4f(xi—3)+f(xi—4) . O(h)

D) = 3f(xi)_14f(xi71)+26f<xi72)_}1244f(xi73)+11f(xi—4)_Zf(xifs) . 0(h?)
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Centered finite-divided-difference formulas

First derivative

f(x) = f(xi+1)2_hf(xi—1)’ O(h?)

f(xi) = *f(xi+2)+8f(xi+11)2*h8f(xi—1)+f(xi—2) , O(h4)

Second derivative

7 (xi) = f(xi+1)_2f(xi)+f(xi—1) . O(h?)

f/’(x ) (XL+2)+16f(xt+1) 3?2fl/fxt)+16f(xl 1)—f(xi-2) , 0(1’14)

Third derivative

F3) (x) = f(xi+2)_2f(xi+1)2‘;l%f(xi—l)_f(xi—2) . 0h?)

F3) (x) = —f(xi+3)+8f(xi+2)—13f(xi+18);313f(xi—1)—Sf(xi—2)+f(xi—3) . oY

Fourth derivative
f(4)(x-) _ f(xi+2)—4f(xi+1)+6f(xi)—4f(xi-1)+f(Xi-2) i O(h2)

f(4) (X ) _ =S (xie3)+12f (Xiv2) = 39f(xl+1)+56f(-xl) 39f (xi—1)+12f (xi—2)— f(xi-3) , O(h4)
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Example

before, we estimated the derivative of
f(x) = =0.1x* = 0.15x% — 0.5x2 — 0.25x + 1.2

at x = 0.5 using finite divided differences and a step size of & = 0.25:

forward backward centered
order O(h) O(h) o (h?)
estimate —1.155  -0.714 -0.934
& (%) -26.5 21.7 -2.4

errors were computed on the basis of the true value f”(0.5) = —0.9125

repeat this computation, but employ the high-accuracy formulas
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Example

data needed is
Xi—2 = O,f(xi_g) = 1.2, Xi—-1 = 0.25, f(xl-_l) =1.1035156
x; = 0.5, f(x;) =0.925
Xi+1 = 075, f(xi+1) = 06363281, Xi+2 = 1, f(ng) =0.2
Forward difference O (h?)

_ = f(xis2)+4f (xie1) =3 f (xi) _ —0.2+4(0.6363281)-3(0.925) _
f7(0.5) = = e o S - 50635) = —0.859375

Er = 582%
Backward difference O (/?)

_ 3f(xi)=4f (xi—1)+f(xi—2) _ 3(0.925)-4(1.1035156)+1.2 _
f(0.5) = S 22 = 5(0.25) =-0.878125

& =3.7T%
Centered difference O (h?)

£(0.5) = *f(Xi+2)+8f(xi+11)2*h8f(xi—1)+f(Xi—2) - _0.9125
Et = 0%
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Outline

o finite difference formulas
o Richardson extrapolation

e derivatives of unequally spaced data



Richardson extrapolation

to this point, we have seen that there are two ways to improve derivative:

1. decrease the step size
2. use a higher-order formula that employs more points

recall Richardson extrapolation for integrals

I~ 1(hs) + (h_+ [1(hs) - I(hy)]

h2) -1

for ho = hy/2:
I~ 31(hg) — 31(hy)

same idea holds for derivatives:
D ~ 3D (hy) — 1D (hy)

for centered difference accuracy improves O (h?) — O(h*)

Richardson extrapolation
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Example

estimate the first derivative of

f(x) ==0.1x* = 0.15x% — 0.5x% — 0.25x + 1.2

atx = 0.5 with step sizes i1 = 0.5, o = 0.25; true value: f/(0.5) = —0.9125

e centered differences:

02-1.2
D = = —1‘ = —Y.
(h1) %05 0, & 9.6%
0.6363281 — 1.1035156
D(hz) = 5% 0.25 =-0.934375, & =-2.4%

e Richardson extrapolation:
D= %(—0.934375) - %(—1.0) =-0.9125

perfect result since f(x) is a fourth-order polynomial

Richardson extrapolation
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Outline

o finite difference formulas
e Richardson extrapolation

o derivatives of unequally spaced data



Derivatives via Lagrange second-order polynomial

fit a quadratic Lagrange polynomial to 3 adjacent points (xg, yo), (x1, y1), (x2, y2):

(x —x0)(x = x2)
(x1 = x0) (x1 — x2)

(x —x1)(x — x2)
(x0 = x1)(x0 — x2)
4 Fly) ET =)

(x2 —x0)(x2 —x1)

J(x) = f(xo)

+ f(x1)

differentiating the interpolating polynomial yields

2X — X1 — X9 + fxy) 2X — Xg — X2
(x0 — x1)(x0 — x2) Y (e = x0) (x1 — x9)

2x — X0 — X1
+f(x2) (x2 —x0)(x2 —x1)

f'(x) = f(xo)

e works for unequally spaced points
e valid derivative approximation anywhere within the interval

e O(h?) accuracy for spacing x;41 — x; = O(h) (same as centered differences)
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Example: differentiating unequally spaced data

soil temperature measurements at depths: Alr 1? 1‘2 13_.’5 ()
Soil

(0,13.5°C), (1.25,12°C), (3.75,10°C) 125 - °

compute heat flux

375 — [ ]

0) = —kpC 4L
q(0) P dz |,y

z,cm

with k = 3.5 x 10™7 m?/s, p = 1800 kg/m?, C = 840 J/(kg°C)

we have
dT _ 2(0)-1.25-3.75 2(0)-0-3.75 2(0)-0-1.25
dz =0 13'5(071.25)(073.75) + 12(1.2570)(1.2573.75) + 10(3,7570)(3.7571.25)
=-14.4+14.4-1.333 =-1.333 °C/cm
heat flux:

q(0) = 3.5 x 1077(1800)(840)(-133.333) = 70.56 W/m?>

derivatives of unequally spaced data 9.15



Derivatives via Lagrange third-order polynomial
differentiate the 3rd-order Lagrange polynomial fitted to four adjacent points
(x19 f(xl))’ (x29 f(x2))s (.Xg, f(X3)), (.X4, f()C4))

resulting derivative is

, 3x% — 2(xo + X3 + x4)x + (X2X3 + X2X4 + X3X4)
flx) =
(x1 —x2)(x1 —x3) (X1 — x4)

fx1)

3x2 — 2(x1 + x5+ Xx2)X + (X1X3 + X1 X4 + X3X4)

(x2 = x1)(x2 —x3) (X2 — Xx4) flx)
3x2 — 2(x1 + X2 + x4)x + (X1X2 + X1X4 + X2X4)
— — — f(x3)
(x3 = x1)(x3 — x2) (X3 — X4)
3x2 — 2(x1 + X2 + x3)x + (X1X2 + X1X3 + XoX3)
f(xa)

(x4 = x1) (x4 = x2) (x4 — x3)

derivatives of unequally spaced data
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Differentiation noisy data

shortcoming of numerical differentiation is that it tends to amplify errors in the data

y

(2]

Differentiate
Differentiate

&

derivatives of unequally spaced data 9.17



References and further readings
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