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Definition

the z-transform of the sequence x[n] is

(e8]

X(2)= ) x[nlz”™"

n=—o0o

= 7 is a complex variable
= x[n] is called the inverse z-transform of X (z) (notation: x[n] &= X(z))

= the region of convergence (ROC) for X (z) are the values of z (in the complex
plane) for which the sum converges (exists)

Linearity: if
x1[n] &= Xi1(z) and x3[n] = X3(2)
then

ayxi[n] +asxs[n] & a1X1(z) + asX>(z)
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Example

the z-transform for the signal y"u[n] is
z
ly/zl <1 (lz] > ¥])

_l_z
z

X(2) =Y y'ulnlz™" =) (v/2)"
n=oo n=0

for |z| < |y|, the sum does not converge (it goes to infinity)

the z-transform of —y"u[—(n+1)] is
X(2) =Y =y'ul-(n+D]z7" =Y -(y/)" =z2/(z-7)
n=co n=-—1

with different ROC |z| < |y|

Restriction to causal signals
= so the inverse z-transform of X (z) is not unique

= restricting the x[n] to be causal, then the inverse transform is unique
» for unilateral transform, we ignore the ROC in determining the inverse z-transform
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The unilateral z-transform

the unilateral z-transform is defined for causal signals:

X(z) =) xnlz™"
n=0

Existence: the existence of the z-transform is guaranteed if

> X|n
Xl <3 ! IZ[I"“ <o, forsome |2
n=0

= if [x[n]| < r{ for some rg, then

X@I < Do/l = 7= 2l > 7o

n=0 Iz

and hence, X (z) exists for |z| > rg
. 2
= some signal models, e.g., y""", are not z-transformable

the (unilateral) z-transform
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Example 9.1

using the definition, find the z-transform of:
(@ o[n]

(b) uln]

(©) cos(Bn)uln]

)

(d) the signal x[n] shown below

the (unilateral) z-transform
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Solution:

(@)

X(z) = Zx[n]z_" = Zé[n]z_"
n=0 n=0
(b) for x[n] = u[n], we have

X(z) = Zx[n]z_" = Zz_"
n=0

the (unilateral) z-transform

1’

for all z

9.6



(c) using cos(Bn) = (e/P™ + e=/A") /2 and

Py n) = lz| > [e*/F| =1

7 — e*iB
we have
1] z z z(z — cos B)
XZ - — — + - = Z >].
(@) 2| z—eiB  z—eiB 72 —-2zcosB+1 g
(d) here, we have
1 1 1 1 Z'+22+22+z+1
X(z)=1+—+—2+—3+—4=z £ i < forallz # 0

zZ z 2>z z

or

1)’ _(1)°
X(z)=§z‘"= (Z)l_gz) ZZfl (1-277)

z
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Inverse z-transform

the inverse z-transform of X (z) can be computed as follows:

x[n] = % }{ X(2)7" tdz

" f is integration in counterclockwise direction around closed path in complex plane
= we won't use this integration as we use transform table to find inverse z-transform

Notation

X(z) = Z{x[n]} and x[n] = Z7H{X(2)}

x[n] & X(z)
note that

ZZ{x[n}] =x[n] and Z[Z7HX(2)}] = X(2)

inverse z-transform 9.8



Inverse transform using known z-transform pairs

many of the transforms X (z) of practical interest are rational functions

_P(2) bozM +b1zZM 1V + -t by_1z+ by

X(2) = 0(z)  (z—p)(z—p2)...(z=pN)

where P(z) and Q(z) are polynomials

X (z) is called properif M < N and improperif M > N

zeros of X(z) are values of z for which X(z) = 0 (e.g., P(z) = 0)

poles of X(z) are values of z for which X(z) — oo (e.g., Q(z) = 0)

= we can obtain x[n] from known pairs given the partial-fraction expansion of X(z),
which expresses X(z) as a sum of fractions with simpler denominator

= the ROC is the region of z-plane to outside of all the finite poles of X (z)

inverse z-transform 9.9



Example 9.2

find the inverse z-transforms of

8z—-19
(z-2)(z=3)

Solution: expanding X (z) into partial fractions yields

8z—-19 3 5

X(@)= (z=2)(z-3) :z—2+z—3

from table (pair 5), we obtain

x[n] = [3(2)" 1 +5(3)" | u[n - 1]

inverse z-transform 9.10



Modified partial fraction expansion

to obtain a form that contains u[n] instead of u[n — 1], we expand:
X(z
Q = partial expansion = x[n] = Z~{z x partial expansion}
Example: from the last example,

X(z) 8z-19 (-19/6) (3/2) (5/3)
= = + +
Z 72(z=2)(z—3) Z z—-2 z-3
multiplying both sides by z yields

using pairs 1 and 4 in table, we get

x[n] = —%(5&1] +

2 2ot

inverse z-transform
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find the inverse z-transforms of
z(222 - 11z +12)
(z-1(z-2)3
2z(3z+17)
(z—-1)(z2 - 62+25)

(b)

inverse z-transform

Example 9.3
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Solution:
(a) we have repeated poles and we expand as

X(Z) _ 222 —-11z+12 _ k + ap + aj + as
z (z=-1D(z-2)3 z-1 (z-2)3 (z-2)2 (z-2)
where
272 - 117+ 12 272 - 11z+12 5
= —-— = — a = = —
(z-D(z-2)3|, T @-D(E-2)3
therefore,
X(z)  222-11z+12 -3 2 a as

. T G-DGE-27 -1 (-2 -2z -2

inverse z-transform
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to find a2, we multiply both sides by z and let z — oo:
0=-3-0+0+as=as=3

letting z take any convenient value, say, z = 0, on both sides:

12 1 a 3
TEIYT S
which yields a; = —1; therefore,
X(z) -3 2 1 3
: i1 (=28 (z-22 z-2
and
z z z z
X(2) :_32—1 _2(z—2)3 - EEDE +3z—2

using pairs 4, 6, and 9 of table, gives

n(n—1)

x[n] = |-3 -2~ (m"—g@w+3@w uln]

=—[3+1 I (n +n—12) 2" u[n]

inverse z-transform 9.14



(b) we have complex poles:

X(z) 2(3z+17) ~ 2(3z+17)
7z (z-1)(22-62+25)  (z-1)(z—3—j4)(z—3+j4)

we find the partial fraction of X (z)/z using the Heaviside "cover-up” method:

X(Z) B 2 N 1'6671'2.246 . 1.6€j2'246
7  z-1 z-3-j4 z-3+j4

and

_
z—-3—-j4

Z

Z .
X(z) = 2—— + (167> —
(@) =2 =7 + (L6720 z-3+ /4

+ (L.6e2219)

using pair 12b (table) with 7/2 = 1.6, 0 = —=2.246 rad, y = 3 + j4 = 5¢/%9?7 so
that |y| = 5, 8 = 0.927; therefore, we have

x[n] = [2+3.2(5)" cos(0.927n — 2.246) ] u[n]

inverse z-transform 9.15



method of quadratic factors: we can instead expand as

X(z)_ 2(3z+17) 2 N Az+ B
7z (z=1)(z2-6z+25) z—-1 2z2-6z+25

multiplying both sides by z and letting z — oo, we find
0=2+A=—=>A=-2

and

2(3z+17) 2 N -2z+B
(z-1)(z22-6z+25) z-1 z2-62z+25

to find B, we let z take any convenient value, say, z = 0:

-34 B
ﬁ__2+2_5:B_16
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therefore,

X(z) 2 —2z+16
7z z-1 z2-6z+25
and
2z z(—2z + 16)
X(z) = +
@ z—1 z2-6z+25

we now use pair 12c (table) with A = -2, B = 16, |y| = 5, and a = -3, so that

[1 256 — 192 3
r= M =32, B= cos™' =] =0.927 rad
25-9 5

-1
6 =tan~! (—80) = —2.246 rad

and

hence

x[n] = [2+3.2(5)" cos(0.927n — 2.246)] u[n]

inverse z-transform



Inverse transform by power series expansion

by definition,

X(2) =Y x[nlz™ =x[0]° +x[1]7" +x[2]e72 +x[3]7 + -
n=0

= if we can expand X (z) into the power series in 7L, the coefficients of this power
series can be identified as x[0], x[1], x[2], x[3], ...

= arational X(z) can be expanded into a power series of 77! by dividing its
numerator by the denominator

» this is useful if we want to know only the first few terms of x ]
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Example

X(2) = 22(7z2-2) B 773 — 272
YT C02(z-05)(z-1) 22-1722+087-0.1

we have:

2

z°(7z2-2) -1 —2 -3

X(z) = =7+99 11.23 11.87
@)= o0 0n oD o9 LB IL8T

therefore,

x[0]=7, x[1]=9.9, x[2]=11.23, x[3]=11.87,

inverse z-transform
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Shifting forms

shifting forms: x[n]u[n], x[n — mlu[n], x[n — m]u[n — m], and x[n + m]u[n]

x[n]

STII|OIIITS

n—w
(a)
inluln] ln — 1lufn]
5
I [ ‘ I 1
s 0 5 - 2 0 6 -
(b) @
aln = uln — 1] xn + 1uln]
5 5
“lh 11
= 0 6 n—» 6 0 G
© ©

properties of z-transform
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Shifting properties
Causal-part right-shift: if x[n]u[n] < X(z) then for integer value of m,
x[n—mluln-m] = ZimX(Z)
Right-shift: integer value of m > 0,

x[n—mlu[n] = z7"X(z) +z7™" Zx[—n]zn
n=1

form = 1:

x[n-1lu[n] = %X(z) +x[-1]

Left-shift: for integer value of m > 0,
m-1
x[n+mluln] = 7"X(z) - 7" x[n]z™"
n=

form =1:
x[n+1]un] = zX(z) — zx[0]

properties of z-transform
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Example 9.4

use the shifting property and the z-transform table to find the z-transform of x[n]

x[n]

Solution: x[n] can be expressed as:

x[n] = n(u[n] —ul[n —6]) = nu[n] — nu[n — 6]

properties of z-transform
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to use the right-shift property, we rearrange nu[n — 6] in terms of (n — 6)u[n — 6]:

x[n] = nu[n] — (n—6+6)uln — 6]
=nu[n] - (n—6)u[n - 6] — 6u[n — 6]

because u[n] = z/(z — 1),

1 z 1
un-6l == -——= ———
[ ] %z-1 25(z-1)

also, because nu[n] = z/(z - 1)?

1 z _ 1
(n—6)u[n—6]<=>Z—6(Z_1)2 _z5(z—1)2

therefore,

z B 1 B 6 B 5 —6z+5
(z-12 5(z-1)2 5(z-1) z5(z-1)2

X(z) =

properties of z-transform 9.23



Time and frequency reversal

Time-reversal: if x[n] &< X(z), then
x[-n] = X(1/z2)
if ROC of x[n] is |z]| > |y[, then ROC of x[-n] is |z| < 1/|y|
Example: find the z-transform and ROC of u[—n]
from table u[n] &= U(z) = z/(z — 1) with ROC |z| > 1, hence,

1 1
ul-n] & U(1/z) = (1/Z§Z_ 171 with inverted ROC |z| < 1

Frequency-reversal: if x[n] < X (z), then

(-1)"x[n] = X(-2)

properties of z-transform
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Scaling and differentiation in the z-domain

Scaling in z-domain (multiplication by y")

if x[n]u[n] & X(z), then

Y'x[n]uln] & X (z/y)
Differentiation in z-domain (multiplication by n)

if x[n]u[n] & X(z), then

nx[nju[n] = —ziX(z)
dz

properties of z-transform
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Example 9.5
find the unilateral z-transform of x[n] = (1 —n) cos(5(n — 1))u[n - 1]

Solution: using properties:

cos(mn/2)u[n] =

(table pair 10)

d 2

—ncos(nn/2)uln] & z— < (z-domain differentiation)
dz \22+1

2z 72

“\2el (22 +1)° T2+ 1)?

x[n] =

—(n-=1)cos(nr(n—-1)/2uln-1] = Z_l(f;lf (time shift)
2+

therefore,

2z 2z
X = =
@ (2+1)% 4 +222+1

properties of z-transform



Time accumulation

if x[n] & X(z) then

=
=
[

Z_le(z)

Example: we know that x[n] = §[n] has z-transform X[z] = 1; we can use the fact

uln] => 8n] =Y _x[n]
k=0 k=0

and accumulation property to show that

- Z Z
uln] = ;x[n] — Z_—1(1) =
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Convolution
Time-convolution: if
x1[n] & X1(z) and xz[n] & X2(2)
then

x1[n] * x2[n] &= X1(2)X>2(z)
Example: using z-transform compute u[n] * u[n — 1]

from convolution and shifting properties, we have

z z 1 Z

uln} suln =1} = ——5-= "7

using the table, we have

Z

uln] *uln—1] = nu[n] = Z-12
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Initial and final values

Initial value theorem: for a causal x[n], we have

x[0] = lim X(z)

Z—00

Final value theorem: if (z — 1) X (z) has no poles outside the unit circle, then

] =1i —1 X
Alllinoox[N] ;qu(z )X (2)

properties of z-transform
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